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CHAPTER I 
Introduction 
To say that technopolitan man is pragmatic means 
that he is a kind of modern ascetic. He disciplines 
himself to give up certain things. He approaches problems 
by isolating them from irrelevant considerations, by 
bringing to bear the knowledge of different specialists, 
and by getting ready to grapple with a new series of 
problems when these have been provisionally solved. Life 
for him is a set of problems, not an unfathomable 
mystery. He brackets off the things that cannot be 
dealt with and deals with those that can. He wastes 
little time thinking about "ultimate" or "religious 11 
questions. And he can live with highly provisional 
solutions. 
1 Harvey Cox 
These lines, although written to describe generally the style 
of life in a secular society, state remarkably well the basic 
philosophy of phenomenological high energy physics. It is, at 
1 
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heart, a philosophy of parametrization. While waiting for the 
lightning stroke of genius that will explain the universe, we 
busy ourselves by describing it. We seek to wed the accumulated 
data to a few basic ideas by means of simple parametric represen-
tations. In so doing we ask not so much why as how. It is this 
pragmatic attitude that will characterize the following thesis. 
The work we shall present consists of two parts, each 
essentially self-contained and discrete. The first part consists 
of a study of the application of techniques similar to the 
Sommerfeld-Watson transformation to an impact parameter represen-
tation of the scattering amplitude. We investigate the implications 
of pole terms in the complex impact parameter plane and their 
relation to the complex angular momentum plane of Regge theory. 
Such terms are shown to be present in a potential theoretic model 
and to be related to the behaviour of Regge amplitudes at large 
momentum transfer. The energy dependence of large angle scattering 
seems compatible with the amplitude resulting from an impact 
parameter pole; we therefore present the results obtained by 
fittin~ experimental data on high energy proton-proton scattering 
near 90° in the centre-of-mass system on this basis. The fits 
obtained are reasonably good. 
The second part of the thesis is concerned with multiple 
scattering in the quark model. The success of the relations 
derived from the additivity assumption can be explained in terms 
of a simple physical picture of independent quarks. If this view-
point is taken, however, rescattering effects, which can be 
calculated by means of the well-known Glauber formalism, may 
not be negligible. We present evidence, both by direct 
calculation and by fitting experimental data, that the quark 
model with multiple scattering is capable of describing the 
high energy interactions of hadrons. We begin by studying two 
situations in which the single scattering effects do not appear; 
then we assume a simple form of Regge behaviour and parametrize 
the meson-nucleon total cross sections. Finally we extend the 
model to include spin effects and obtain a reasonably good fit 
to the data on pion-proton interactions, including particularly 
the charge exchange polarization. Our analysis shows that 
multiple scattering effects are sizeable and vanish extremely 
slowly with increasing energy. 
Apart from a pragmatic interest in approximating the observed 
experimental situation, the two parts are related only in the fact 
that both begin from an impact para.meter representation of the 
scattering amplitude. They differ primarily in approach; the 
first ±nvestigates a mathematically motivated parametrization 
form, ~hile the second studies a rather intuitive physical model. 
Although our notation is standard,' we have attempted through-
out to define all symbols as they are introduced. Vectors are 
signified by bars, e.g. z, and we consistently employ natural units 
in which n = c = 1. Although k generally indicates a momentum, we 
point out that in part I it refers to the centre of mass frame, 
3 
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whereas in part II it denotes the laboratory momentum. 
Reference 
1. Harvey Cox, The Secular City (London: SCM, 1965) p.63. 
PART I 
REG-GE-LIKE POLES IN THE 
IMPACT PARAMETER PLANE 
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CHAPTER II 
Poles in the Impact Parameter Plane 
The partial wave expansion, which serves admirably as a 
general theoretical framework for the description of scattering 
processes in the low energy region, becomes less satisfactory at 
higher energies. Above about 6 GeV/c, the angular behaviour of 
hadronic differential cross sections becomes essentially diffractive. 
Both elastic and inelastic processes show a strong forward peak, 
decreasing rapidly as the momentum transfer increases, and quite 
small differential cross sections in the large angle region. In 
some cases there is also a peak in the backward direction. The 
description of such processes by a partial wave expansion clearly 
requires that a large number of partial wave amplitudes must be 
known accurately in order to obtain simultaneously the necessary 
addition of terms to form the forward peak and the cancellations 
which must occur at larger angles. As a result, reliable partial 
wave analyses become very difficult to do. 
An appealing alternative framework has its origins in the 
classical description of the scattering of light, and is variously 
known as the eikonal approximation, the optical model, or the impact 
parameter representation. This method of description, which, althougv 
. 
. 
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approximate, corresponds to an intuitive physical picture of the 
scattering process, was first suggested in this context by Moliere1 
some twenty years ago. Although the theory was developed further 
by nwnerous authors 2 it has played a relatively minor role in strong 
interaction physics until very recently. The partial wave expansion, 
although poorly suited to high energy phenomenology, has dominated 
theoretical development because it can be formulated rigorously for 
general relativistic scattering amplitudes. The impact para.meter 
representation, although excellent phenomenologi cally, remained for 
many years an approximate and inherently non-relativistic theory. 
Bot h of these unsatisfactory facets of its nature can be exhibited 
by giving the usual potential theoretic derivation of the eikonal 
approximation. 
The familiar quantwn mechanical description of the interaction 
between an incident particle of momentwn k and a potential V(r) is 
contained in the SchrBdinger equation, written in natural units 
(n = c = m = 1) as 
cv2 + k2 - 2v(r)J ~Cr) = o 
We look for a solution of this equation of the form 
~(r) = <f>(b,z) ikz e 
where the z direction has been defined to be that of the incident 
momentum and bis a vector in the plane perpendicular to it. We 
expect <P(b,z) to be a slowly varying function in the high-energy 
(2.1) 
(2.2) 
situation, so we neglect v2ip(b,z) and obtain from (2.1) 
E1:. (- ) oz b, z = ~k V(/)(b,z) 
Since the solution (2.2) should asymptotically represent the 
incident plane wave as z ~ - ~ the boundary condition on (2.3) is 
(/)(b,-oo) = 1, which implies that 
z 
cp(b,z) = exp[fk/ dz' V(r ' )] . 
-oo 
For a central potential the approximate wave function is therefore 
-oo 
and the corresponding elastic scattering amplitude is 
f(k,e) = - L J d·\; e -ik' .r V(r) 1/l(r) 4-1T 
-~ 
where k' is the final momentum and e denotes the scattering angle. 
Now for small scattering angles we have 
(2.3) 
( 2 .4-) 
(2.5) 
(2.6) 
and with this approximation (2.6) becomes 
f(k, e) 
1 z / 2 2
1 
1 / 2- i(k-k') .b ik f _ood' V(( +b ) 
= - ~ dC>dz e V(r) e 41r 
00 1 z /2 i 
= _ 1
2
·1rk J d2b- i(k-k').b / d [ ik f _Q()d' v( ' +b ) ] . e dz a:; e . 
. 1 Joo dr V( fr2 2' ) 
ik / 1 !k-k' lbcoscp [ ik -oo ~ ,/!:. +b J 
= - ~ bdbd.<p e e - 1 21f 
yielding finally 
00 
f(k,e) 
= - ik / 
2· (b) bdb J (b..,l:s') [e ix - 1] 
0 
0 
where J (z) is the zero-order Bessel function, 0 
21f 
J (z) 
0 = ~1( J dcp izcoscp e , 
0 
and we have used the notations 
...r.:s = !k-k' I = 2k sin! 
QO 
x(b) 1 r d' vcj,2+b 2 ) = 
- 2k J 
-oo 
• 
8 
(2.7) 
(2.8) 
(2.9) 
(2.10) 
I 
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Equation (2.8) defines the impact parameter expansion of the 
scattering a~plitude in this basic case. 
The non-relativistic nature of this derivation, implicit in 
the use of the Schr8dinger equation, is not a serious problem; 
it is readily shown that the same procedure can be followed 
starting from a relativistic wave equation. The result (2.8) 
remains nonetheless conceptually tied to potential theory, and 
furthermore it is only obtained by means of an approximate solution, 
using WKB methods, of the original equation. Phenomenologically, 
this does not matte; so much; the representation is an excellent 
one for use in constructing models to explain the experimental 
situation. Among many examples are the "coherent droplet" model 
3 · 4 of Byers and Yang, the analysis by Serber of large angle 
scattering, and a vast amount of work in the absorption mode15• 
For rigorous theoretical analysis, however, the use of the impact 
parameter expansion is hindered by its approximate foundation. 
The partial wave expansion, on the other hand, can be obtained 
naturally as an exact expansion of the scattering amplitude in terms 
of Legend.re polynomials, and thus depends only on the most basic 
properties of functional representation in an orthonormal basis. 
Since the expression (2.8) is essentially a type of Hankel transform, 
it should be possible to obtain it similarly in a more rigorous 
manner. The first step toward such a formulation was taken by 
Cottingham and Peierls6, and extensive further developments came 
independently but almost simultaneously from Adachi and Kotani7 and 
-
10 
from Predazzi and Lfuning8 • ·Their technique starts from the familiar 
partial wave expansion 
f(k,e) 1 
2ik 
00 L .<2.e+1 ) f/k) P/cos e) 
.f,=0 
and makes use of the relation 
00 j d.x J0 (x sin%) J2.t+l (x) = P.e,(cos e) 
0 
to obtain by interchanging summation and integration 
with 
00 
f(k, e) = - ik j bdb J
O 
(2bk sin ~) h(h,k) 
0 
00 
h(b,k) = tk L (2.e+1) f .f,(k) J2.t+l (2bk) • 
.f,:O 
More will be said in Chapter IV regarding this elegant method for 
defining rigorously and exactly an impact parameter representation 
of the scattering amplitude. For the moment, we emphasize only 
that it does exist. This formulation of the amplitude can therefore 
be treated on the same formal basis as the partial wave analysis. 
The particular point we wish to make in this chapter is that the 
(2.11) 
(2.12) 
(2 .13) 
(2.14-) 
11 
mathematical framework which leads to the very important concept 
of "Reggeization" of the partial wave series can be applied equally 
well to the impact parameter representation. 
One of the most fruitful implications of the partial wave 
expansion for strong interaction physics has been the Regge pole 
analysis. Both fundamental and phenomenological insights have 
resulted from the idea of extending the summation index e away 
from the real integers into the complex angular momentum plane. 
The basic mathematical nature of the impact parameter bis not 
essentially different from that oft; both serve as parameters 
permitting a representation of the scattering amplitude in terms 
of the special functions of mathematical physics. It follows 
naturally that we should consider the extension of the impact 
parameter to complex values in a way exactly analogous to Regge 
theory. That this extension can indeed be performed we shall now 
show; and in the following chapters, some of the consequences of 
this idea will be investigated in more detail. 
In order to make clear the procedure to be followed we shall 
give here a brief statement of the essential ingredients of Regge 
theory. Every term in the partial wave series (2.11) can be written 
as a contour integral, since 
= J dA. (V..+l)f(k,,\)P ,\ (-cose) 
sin rr,\ (2.15) 
- . . 
- -
where et encloses only the point A= tin the complex A plane, 
and f(k,.t) is a .continuation of f .e(k) to complex t. To make the 
Sommerfeld~Watson transformation, we join the contours et to 
form a single contour e, as shown in Figure 2-1, obtaining 
f(k,e) = .J:_ j dA (2A+l) f(k,A) P \ (-cose) 2ik sin TTA ~-
e 
We now assume that f(k,A) vanishes as )Aj ~ oo for Re A> - !; 
Carlson's theorem guarantees the uniqueness of such a continuation. 
It follows that the contour can be deformed into that shown in 
:B'igure 2-2, consisting of the line Re A = - t + e plus the contri-
butions due to any singularities of f(k,A). If these singularities 
are only poles, as indicated in Figure 2-2, the resulting expression 
for the scattering amplitude is 
1 \' f(1c,e) = m L 
i 
where a.(k) is the position of the ith pole of f(k,A) and R.(k) ~ 1 
is related to the residue ri(k) of this pole by 
(2.16) 
(2.17) 
R. (k) 
1 
= 
2a. (k) + 1 
1 
sin 1ra. (k) 
1 
r. (k) 
1 (2.18) 
Now we enquire into the behaviour of f(k,e) in the limit of 
large negative values of cos e, which in relativistic theory corresponds 
. 
. . 
.... ..... 
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Figure 2 - 2. The contom"' C 1 • 
to high energy scattering in the crossed channel. The asymptotic 
behaviour of the Legendre function is given by P (z) - za, and a 
as a result the background integral along Re A= - ! is of order 
1 
(-cos e);2 and is therefore negligible. The dominant contribution 
to the scattering amplitude comes from the pole a: (k) which has 
0 
the largest real part, i.e. 
f(k,e ) 1 2ik 
a: (k) 
R (k) ( -cose) 0 
0 
These are the bare bones of Regge theory, avoiding all 
inessential complications. Our purpose in reviewing them is to 
see the basic manipulations of the parameter involved. Briefly 
stated, these consist of three steps: the transformation of the 
parametrization into a closed contour integral, the appropriate 
def ormation of the contour, and the study of the asymptotic 
behaviour of the resulting expression in the high energy region 
of the crossed channel. 
The first of these three steps can be performed more easily 
for the impact parameter representation than for the partial wave 
series. The artifice of the Sommerfeld-Watson transformation is 
unnecessary, since the parameter is defined over a continuous 
range of values rather than at a discrete set of points. Therefore 
there is no ambiguity in the definition of a continuation into the 
complex parameter space. We write a more convenient general form 
of the impact parameter representation 
14 
(2.19) 
- -
-
co 
F(t,s) 
= J df3 j (/-j3s) H(,B,t) 0 
e 
in terms of the usual Mandelstam variables sand t = 4(k2 + 1), 
with ,B = b
2
• Our choice of variables corresponds to consideration 
of the t channel rather than the usual s channel; the reason for 
this approach will shortly be evident. 9 Using the formula 
0 
withµ 
b = 1, 
= 1 (~)v-1 l+µ-v (b) 
r[v'Y 2 z Kv-µ-1 z 
2 2 
= O, v = 1, we obtain, on substituting .x = { , - y = z , 
co J (v'i) 
0 J~ X - y = 2 K (..r::y) 0 
0 
This relation is valid throughout the complex y-plane with the 
proviso Re ...fy ~ O, and can be considered a definition of the 
modified Bessel function. It implies that K (-r:.;) is analytic in 
0 
the complex y-plane cut along the positive real axis and has a 
discontinuity there given by 
Therefore since s < 0 we can write (2.20) in the form 
15 
(2.20) 
(2.21) 
(2.22) 
(2.23) 
- -
F(s,t) 
= I d{3 K (,/js) H ({3,t) 0 
C 
where C is a contour surrounding the positive real {3 axis. 
The contour can be deformed by recognizing the asymptotic 
behaviour of the modified Bessel function, 
K (-r::y) 
0 
exp(- r-;) 
i (-y)4 
whi ch permits us to expand the contour to infinity provided H(,B,t) 
is suitably bounded. Equation (2.24) then becomes 
F(s,t) 
= J d{3 K (-..f{3s) H(j3,t) 0 
C' 
16 
(2.24) 
(2.25) 
(2.26) 
where C' is a contour surrounding the singularities of H(/3,t). We 
note here that, in contrast to Regge theory, no "background integral" 
results from the properties of the representation; the amplitude is 
determined fully by the singularity structure of H(/3,t). In 
particular, if H(J3,s) hast-dependent single poles at {3 = {3.(t), 
J. 
then 
H(/3,t) = t L 
i 
R. (t) 
/3 - i /3. ( t) + H' (/3, t) ' 
1 
F(t,s) = F (t,s) + ~1df3 K (-/fis) H'(/3,t) p irr o 
C' 
(2.27) 
(2 .28) 
with the contribution of the pole terms given by 
F (t,s) = p 
i 
F . (t,s) 
l. 
F. ( t, s) = R. ( t) K (/,a. ( t) s) 
l. l. 0 l. 
We now take the third step listed above by assuming that if 
(2.28) is continued in t and s to the region corresponding to high 
energy scattering in the crossed (s) channel it still provides a 
valid representation of the amplitude. Ass becomes large and 
positive the pole terms behave as indicated by (2.25), 
F.(t,s) 
l. 
exp ( - -I ,B. ( t ) s ) 
. 1 
(/3 . ( t)s)4 
1 
Neglecting for the moment the presence of H'(,B,t), we find that 
the dominant contribution to F(t,s) comes from that pole having 
the smallest value of Re /,a.(t) • The resulting form (2.30) must 
1 
be contrasted with the asymptotic Regg.~ form s a( t). In terms of 
the diffraction peak, the impact parameter pole clearly leads to 
a more rapid shrinkage, whereas experimentally it appears that a 
less rapid shrinkage, or none, is needed. Although a non-shrinking 
diffraction peak might be reproduced by using several pole terms, 
as has been done for Regge theory, it seems more likely that the 
relevance of this result may be in large angle scattering, where a 
17 
(2.29) 
(2.30) 
strong energy dependence very similar to (2.30) has indeed been 
observed. · da ! -a...fs The behaviour dQ ~ s e is in fact quite compatible 
with the experimental situation in the region -2t :::: s .» 4-. In 
Chapters IV and V we shall investigate this possibility in more 
detail. 
Let us close this chapter by pointing out the general nature 
of the procedure we have followed. It is not essential that the 
Bessel functions were used; in (2.20), J (l-ps) could be replaced 
0 
by any appropriate function of p, s, and t. A similar result 
would then follow in terms of a second function defined analogously 
to equation (2.22). We see therefore that Reggeization is but one 
form of a more basic technique applicable to any parametric 
representation of the scattering amplitude, and in particular to 
the impact parameter representation. For this case the important 
properties of the transformed amplitude H(p,t) can be studied both 
in relation to potential theoretic approximations and as determined 
from the exact formulation in terms of partial waves. In the next 
chapter, we shall apply the ideas we have developed here to a 
number of potentials. Then in Chapter IV we shall discuss some of 
the more formal considerations and compare Regge poles with those 
in the impact parameter plane. Finally, in Chapter V, we shall 
present the results obtained by fitting the suggested forms to the 
available data on proton-proton elastic scattering near 90° in the 
centre-of-mass system. 
. . ' ' 
. . 
~ ..... 
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CHAPTER III 
Examples in Pot ential Theory 
We shall now attempt to put into practice the formalism 
developed in the preceding chapter by studying the analytic 
structure in the p-plane resulting from a number of simple 
potentials. The basic connection with potential theory has 
been forged in terms of the eikonal approximation 
00 
f(k,e) = bdb J (b.;:;) [e2iX(b) - 1] 
0 
0 
with x(b) determined from the potential by 
00 
x(b) = 1 ; · 
- 2k dz V <j z2+b 2 ) • 
Unfortunately this approximation, although convenient in derivation, 
cannot be carried out for meaningful potentials; the exponential 
20 
(3.1) 
(3.2) 
in the kernel tends to produce essential singularities in the b-plane, 
and the integration cannot be performed. 
A similar failing, the production of essential singularities 
· oui 
1 in the k-plane, has been pointed~ by Blankenbecler and Goldberger. 
. . 
~ -
As a remedy they propose an alternative representation, derivable 
from unitarity, which can be written 
= 
co 
- ik I bdb JO (bk) 1 2:xi~tb) 
0 
• 
The kernel hBG(b,k) = 2ix(b)/(1-iX(b)) is in agreement with the 
exponential kernel of the eikonal approximation up to order k-3 
and is much more satisfactory in both the k-plane and the b-plane. 
Consequently the representation (3.3) is far superior to the 
eikonal approximation if the technique of continuation into the 
2 
compl ex b -plane is to be used. We shall therefore rewrite the 
Blankenbecler-Goldberger representation in an invariant form 
analogous to (2.20), 
co 
F (t , s) = ;t J df3 J
0
(1-{3s) ~ , 
0 /4-t 
and employ it for potential analysis. In (3.4) the explicit k-
dependence of x(b) has been removed by defining 
CO · 
n(/3) = - j dz v(,J z2+~ ) , 
-co 
and the factor -ft necessary to convert the non-relativistic 
expression (3.3) into a proper relativistically invariant amplitude 
has been added. The relationship of this amplitude to the direct 
21 
(3.3) 
(3.5) 
channel differential cross section is 
da 
dO = 
l 
t IF(t,s)l
2 
and the corresponding expression of the optical theorem yields a 
total cross section 
a = -1t!I_ Im F(t,O) 
k ,ft 
22 
The s-channel quantities are defined in a similar manner. Although 
our emphasis will remain primarily on the crossed channel amplitude 
and the analogy to Regge theory, we shall be able in some cases to 
study the direct channel as well. 
It is apparent in (3.4) that a pole term appears in the 
amplitude when n(fi) = - ~4-t. We shall investigate in this 
chapter the expressions which result when the Blankenbecler-Goldberger 
representation is analysed in this way for the power law potentials 
and the Gaussian potential. These potentials divide naturally into 
two classes according to the analytic structure of n(fi); for odd 
integer power laws and the Gaussian potential the kernel function 
is meromorphic in the fi-plane, whereas more general power laws 
produce a branch point at the origin. This branch point results 
from a pinch of the contour in (3.5) caused by the singular nature 
of the potential as r ~ O; it is avoided only by potentials V(r) 
such that rV(r) is free of branch points at the origin of the r 2-
plane. For example, if we write 
co . 
rV(r) 
it follows readily that 
n(/3) 
co 2 
= 1T J dp v(p ) I p2+/3 I 
0 
2 v(p) 
2 2 p + r 
implying that n(/3) has a cut along the negative real a:x:i.s. In 
the presence of such cuts the analysis we wish to attempt becomes 
very difficult, particularly in the crossed channel, and it will 
not be possible to show that the pole terms dominate. 
We ·begin with the power law potentials, which we write in 
the form 
V(r) = 
V (t) 
0: 
0: 
r 
to emphasize that the strength of the potential may be energy-
dependent. From (3.5) it follows that 
with 
n(/3) = - n 0: 
n = 2 -f1r 
0: 
~ 
fJ 2 
V (t) 
0: 
23 
(3.6) 
(3.7a) 
(3.7b) 
provided a> 1. If a~ 1, the integral in (3.5) diverges; for 
the limiting case a= 1, corresponding to t he Coulomb potential, 
a-1) the divergence appears in the term r(~. 
The scattering amplitude for the potential (3.6) is therefore 
given in the Blankenbecler-Goldberger representation by 
co 
= - ..ft J d/3 J ("-f3s) 2 o F(t,s) 
0 
a-1 
/3 2 
n 
a 
n 
a 
It is clear in (3.8) that the kernel possesses a branch point at 
/3 = 0 unless a is an odd integer. We shall examine first the 
archetypal case a= 3, for which there is a single pole in the 
/3-plane located at 
(3 (s) = 
0 
n 
a 
• 
Consequently the sc~ttering amplitude is 
co 
F(s,t) 
The expression (3.10), being exact, can be studied in either 
channel. In the crossed channel it has the decveasing behaviour 
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(3.10) 
provided a> 1. If a~ 1, the integral in (3.5) diverges; for 
the limiting case a= 1, corresponding to the Coulomb potential, 
(a-1) the divergence appears in the term r 2 . 
The scattering amplitude for the potential (3.6) is therefore 
given in the Blankenbecler-Goldberger representation by 
co 
F(t,s) = - -ft J d{1 J (v-f3s) 2 o 
0 
a-1 
f3 2 
n 
a 
It is clear in (3.8) that the kernel possesses a branch point at 
/3 = 0 unless a is an odd integer. We shall examine first the 
archetypal case a= 3, for which there is a single pole in the 
/3-plane located at 
/3 (s) = 
0 
n 
a 
• 
Consequently the sc~ttering amplitude is 
co 
F(s,t) 
= - ~t J 
0 
= - n -ft K ( 9,) 
3 0 (4-t)4 
The expression (3.10), being exact, can be studied in either 
channel. In the crossed channel it has the decreasing behaviour 
_. ·-- ~ 
------• -•- ' - I 
--
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(3.8) 
(3.9) 
(3.10) 
for large positives which was emphasized in Chapter II. It must 
be noted, however, that if n3 is energy-independent the pole 
trajectory P
0
(t) = n3/~4-t decreases with increasing -t. The s-
channel amplitude therefore increases with momentum transfer, 
whereas physically we expect it to decrease. A different facet 
of the same problem arises in the direct channel, where the 
decrease of p (t) corresponds to an increase with energy of the 0 
amplitude. Specifically, the behaviour of the modified Bessel 
function 
K (z) 7 - ln ~ 
0 2 as z 7 0 
implies that 
1 
F(t,s) ~ ltl~ ln ltl as Jtl 7 co 
in disagreement with the observed behaviour in either channel. 
The resolution of this problem requires that the potential 
be energy-dependent in such a way that p (t) is non-decreasing; 
0 
that is, the strength v3(t) must increase at least as rapidly as 
k. Such behaviour is obtained if, for example, the Klein-Gordon 
equation is used to describe the scattering2; n3 is then 
proportional to the energy, and p (t) is asymptotically constant. 0 
This conclusion is also in qualitative agreement with the results 
obtained by Tiktopoulos3, who fitted high energy large angle 
scattering by means of a WKB analysis of power law potentials with 
strength proportional to k2• Unfortunately his analysis involved 
•••• ·'• -r"' •• 
~
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(3.11) 
(3.12) 
-:!....s 
a= 2, so we can make no direct comparison with his numerical 
results, nor with those obtained subsequently by Kouris4 using 
a= 4. 
The most unsatisf actory aspect of this potential arises if 
we consider the implications of (3.10) for forward scattering. 
In the s channel, the precise f orm of the amplitude as t "7 0 is 
determined by the corresponding behaviour of v3(t); whatever 
this behaviour is, it turns out that the amplitude vanishes. 
The opposite situation occurs in the direct channel, where the 
impact para.meter pole leads automatically to a logarithmically 
divergent amplitude ass 7 O. This divergence is inherent in 
the form of the pole term, and reinf'orces our earlier belief that 
the relevance of this method of analysis lies in the consideration 
of large angle scattering. 
The results we have obtained for a= 3 can be extended 
straightforwardly to the other odd powers a= 2m + 1, for which 
the amplitude is given by 
m 
F -( s, t) 
m = 
v't(4-t) 
m L f3 . ( t ) K ( { f3 . ( t ) s ) J O J 
j=l 
where t he /3.( t) denote them solutions of J 
= • 
There is no change in the conclusions reached for non- forward 
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a= 2, so we can make no direct comparison with his numerical 
results, nor with those obtained subsequently by Kouris4 using 
a = 4-. 
The most unsatisfactory aspect of this potential arises if 
we consider the implications of (3.10) for forward scattering. 
In the s channel, the precise form of the amplitude as t -a> 0 is 
determined by the corresponding behaviour of v3(t); whatever 
this behaviour is, it turns out that the amplitude vanishes. 
The opposite situation occurs in the direct channel, where the 
impact parameter pole leads automatically to a logarithmically 
divergent amplitude ass 7 O. This divergence is inherent in 
the form of the pole term, and reinforces our earlier belief that 
the relevance of this method of analysis lies in the consideration 
of large angle scattering. 
The results we have obtained for a= 3 can be extended 
straightforwardly to the other odd powers a= 2m + 1, for which 
the amplitude is given by 
m 
F -(s, t) 
m 
i/t(4-t) 
m I /3 .(t) K (...f/3 .( t)s) J O J = 
j=l 
where the /3.(t ) denote them solutions of J 
= 
n2m+l 
.../1+-t 
• 
There is no change in the conclusions reached f or non-forward 
. ~ --~-~ 
--
- ft --- L - _ _. 
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scattering in either channel; agreement with the observed 
physical behaviour still requires that V 
1 (t) increase with 2m+ 
energy! While the s-channel amplitude again vanishes as t....,. O, 
the forward direct cha.rmel amplitude is well-behaved form> 1. 
The logarithmic singularities which occur in the pole terms as 
s __,. 0 cancel each other in the swnmation, leading to 
F (t,O) 
m = 
11' 
m 
It( t-4-) /3 ( t) 
0 • 
where /3 is the pole with the smallest phase. This result can be 0 
obtained directly, of course, by integration of (3.8) with s = O. 
The total cross section in the t channel corresponding to this 
potential therefore has the same energy dependence as f3 (t); it 
0 
follows that a decrease with energy of the large momentum transfer 
scattering requires an increasing total cross section. 
We turn now to the more general case in which a is no longer 
restricted to the odd integers. The pole terms are still present 
in (3.8) and are located at the solutions of 
a-1 
/3 2 
= • 
There are a finite or infinite number of these solutions, depending 
on whether a is rational or irrational, but only those with phase 
between O and 211' contribute to the integral. The branch point in 
the kernel at f3 = 0 leads to an integral of the discontinuity over 
(3.16) 
the corresponding cut, and the resulting expression for the scattering 
28 
amplitude is 
F(t,s) 2 tft(l+--t) 
a - 1 (3.17) fi.(t) K ("fi.(t)s) + F (t,s) J O J C = 
Ylith 
a-1 
-oo 
K (..[ifs) (-fi)2 
F (t,s) 
C = 
vt n 
a 
cos ;~ / d[d 0 a-1 2 • (3 • 18) 
(-Q)a-1_2 ~ . rra (-R)2 na 0 r' sin 2 r' + 4-t 
"4-t 
The su.illl'!lation over the pole terms makes a contribution whi ch is 
similar to that we have already studied for a= 2m + 1, so our 
concern here is the analysis of the cut term (3.18). 
In the direct channel we can evaluate F (t,s) approximately 
C 
by neglecting appropriate terms in the denominator. For this 
purpose it is convenient to change variables in (3.18) and write 
F (t,s) 
C 
where 
= 
a-3 
vt n (-s) 2 
a 
1[ 
n 
a 
2 
4 - t 
a-1 
X 
a-1 
K (vx) x2 
0 
a-1 
2 . rra 2 2Ax sin~+ A 
The integrand is bounded, since the pole terms have been removed, 
and the decrease of K0 (vx) depresses the contributions of large x. 
.. . 
JiiiliiL 
(3.19) 
(3.20) 
2 Consequently when A is very large (3.19) becomes 
F (t,s) 
C 
::: 
a-3 
2 
..ft n (-s) 
a 
cos 
oo a-1 
~a J d.x Ko(..fx) x2 
0 
1 
a+l 
2 (-s) 
We see from (3.20) that this limit corresponds either to large 
momentum transfers or to high energies in the case that the 
potential increases with t. The opposite limit, A2 ~ O, can 
sometimes be taken also; the amplitude F (t,s) then becomes 
C 
a-3 
..ft n (-s) 2 00 1-a 
F (t,s) a ;a J d.x K ( ..fx) 2 ::: cos X C 
A2-Kl 
1T 0 
0 
which converges provided a< 3 to yield 
F (t,s) 
c- = 
22-a ..ft 2 
___ 7T __ n_a cos ;a [r ( 3;a )] a-3 2 (-s) 
This result is relevant for the near-forward scattering. It is 
instructive to note that (3.23) can be considered for a== 1, 
corresponding to the Coulomb potential; the divergence we have 
1Ta noticed in na is cancelled by the factor cos 2 , and we obtain 
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(3.21) 
(3.22) 
F~oulomp(t,s) 
= 
2 V (s) ,ft 1 
s ' 
reproducing the t-channel Coulomb scattering amplitude except for 
its divergent phase. (This divergence was shifted into the pole 
term because we took the limits..,. 0 before letting a..,. 1.) 
In order to attempt a similar analysis of (3.18) in the s 
channel we must make use of the analytic properties of K (z). The 
0 
appropriate continuation ass moves from negative real values to 
the upper side of the real axis is 
i'TT 
K(e- 2 z) 
0 
= i1T H(l) (z) 
2 o 
where H(l)(z) ~ J (z) + i Y (z) is the Hankel function of the first 0 0 0 
ld.nd. Then we have in place of (3.19) 
] (t,s) 
C = 
...r.:f, n 
where 
s 
a 
a-3 
2 
cos 
2 
77 
0:, 
;a J 
0 
= 
dx 
n 
a 
2 
X 
4- - t 
a-1 
H(l)c ,!x) 2 X 0 
a-1 
2 a-1 
- 277x 
a'-1 
s 
. 1Ta 
sin 2 + 
2 
rJ 
2 In this case the high energy limit is 77 ..,. co. Unfortunately the 
Hankel f unction does not decrease suff iciently rapidly to ~nable 
30 
(3. 24-) 
(3.25) 
(3.26) 
us to follow the procedure used in the direct channel; but from 
the form of (3.26) we see that in any case F (t,~) will probably 
C 
depend on a power of s. Therefore in either channel the pole 
terms decrease more rapidly with lsl than the contribution of the 
cut. 
Consequently we cannot show generally for these potentials 
that the dominant behaviour of the crossed channel scattering 
amplitude is supplied by poles in the impact para.meter plane. It 
remains a valid assertion that such terms are present, however, 
and it is interesting that at least in some cases, namely a= 2m+l, 
they a.re entirely responsible for the resulting amplitude. In 
order to present a second case in which this result is obtained we 
now consider a Gaussian potential 
V(r) = V 
0 
2 2 
-µ r 
e 
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(3.27) 
which clearly satisfies the aforementioned requirement of analyticity 
2 in the r -plane. 
For this potential it follows immediately from (3.5) that 
n(/3) = 
so we have 
00 
F(t,s ) = 
2 
-Irr V e -µ f3 = 
0 
n 
0 
e 
2 
-µ /3 (3.28) 
(3.29) 
. . . ~ 1llilllllllllll 
The kernel of (3.29) is analytic in /3 except for an infinite set 
of poles located at 
with residues R (s) = ../4-t / µ2v independent of m. The amplitude 
m o 
is correspondingly given by the infinite sum of these pole terms, 
00 
F(t,s) "t(4--t) 
= 2 
2µ 
\ K ( j s 2 [ ln ( ...::2...) + 2mni] ) G O µ -./4-t 
m=-oo 
In the limit of large lsl, pertinent for either high energy in the 
crossed channel or large momentum transfer in the direct channel, 
we have seen that the term with the smallest value of Re "f3 (t) 
m 
is dominant. It is easily shown that this occurs form= O, so 
we obtain 
2 
F(t,s) Ko ( j 
2
:2 1n c:~t) ) 
2 
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(3.30) 
(3.31) 
~ ln (:~t) J . (3.32) 
2µ 
As ltl increases, the trajectories /3 (t) also increase in magnitude 
m 
provided I t-41 > -1 n j 2; the energy dependence of the potential is 0 
therefore restricted similarly. The strength of the potential can 
again be related to the direct channel total cross section, however, 
33 
since for s = 0 the integral in (3.29) can be evaluated exactly 
with the result 
F(t,O) = -./t(li--t) 
2µ2 
ln (1 + 
In contrast to the power laws, then, the Gaussian potential implies 
the same behaviour with t for the total cross section and the 
large momentum transfer scattering; an energy independent potential 
produces reasonable physical behaviour for the large angle region 
but leads to a decreasing total cross section. 
It is evident that the procedure we have followed in these 
examples 0an be carried out for any potential pro~ided the analytic 
structure of n(p) can be established. In general we shall expect 
to find pole terms present, but it is difficult to guarantee their 
dominance. If there is a cut on the negative real p axis, as in 
the case of the general power laws, the evaluation of the amplitude 
may be very difficult and its asymptotic s-dependence may be 
obscured. 
(3.33) 
The potentials for which complex impact parameter methods are 
pertinent, therefore, are those for which branch points in the 
resulting n(p) either are absent or are less important asymptotically 
than the pole terms. It is possible to invent forms of n(p) with 
the appropriate analytic structure; there arises then the inverse 
problem of determining the potential from n(p). Omnes5 has shown 
that this inversion can be performed, since (3.5) is essentially a 
recondite form of Abel's integral equation, with the result 
00 
V(r) = - 12] df3 
1Tr 2 
r 
-f/3 {e [-f/3 n (,e)] 
./13 - r2 • 
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Using (3.34) a potential can be produced which leads to any desired 
. . 
simple analytic properties for n(/3). 
Consequently we shall conclude here our potential theoretic 
considerations. The cases we have studied are interesting in 
themselves as examples of the application of the Blankenbecler-
Goldberger representation. A broader significance, however, can 
perhaps be disc.erned in the procedural analogy with Regge theory 
drawn in Chapter II. Just as Regge I s analysis of potential 
scattering provided heuristic motivation for the intensive study 
and use of complex angular momentum ideas, so the present chapter 
suggests the further investigation, both formally and phenomenolog-
ically, of the possibility and implications of poles in the impact 
parameter plane. 
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CHAPTER IV 
Connections with Regge Poles 
In our introduction of the concept of a complex impact 
parameter plane we have stressed the similarity of the mathematical 
techniques involved to those employed in Regge theory. The 
examples presented in the preceding chapter of the application of 
these techniques to potential theory serve as justification for 
the possibility of poles in the impact parameter amplitude; in 
the Blankenbecler-Goldberger representation such terms do exist, 
and in some cases they produce the dominant part of the high energy 
scattering amplitude. The phenomenological relevance of this 
possibility lies in the fact that the strong energy dependence of 
large angle differential cross sections seems compatible with the 
amplitude resulting from an impact parameter pole. Before turning 
to a di,rect comparison with the experimental data, however, we 
wish to look more closely at the relationship between these terms 
and Regge poles, both from a very naive .viewpoint and through the 
rigorous f ormulation of the i mpact parameter amplitude. 
It is evident in the designation "impact parameter" that the 
quantity b has a physical signifi cance as well as a mathematical 
usefulness. This significance is visible in the derivation of the 
. : -· ... - . .. .... 
---- .... 
eikonal model, where b corresponds to the classical impact 
parameter; consequently it is physically related to the angular 
momentum and thereby the partial wave index .e. The parallel is 
made clear in the simplest quantum-mechanical approach to an 
impact parameter representation; if the partial wave series 
f(k,e) = 1 2ik 
contains important contributions from a large number of terms, it 
is appropriate to replace the summation by an integration. Making 
for large .e the substitution 
' 
we find in this approach 
co 
f(k,e) ~ 2~k j d.t J 0((2.e + 1)sin %) [ (2.e + l)f ,eCk)] • 
0 
In other words, we expect by analogy with the eikonal model 
bk ~ .e + i • 
This relation can in fact be shown to hold both in the eikonal 
approximation and in the rigorous formulation mentioned in Chapter 
II. The quantity bk is the classical angular momentum, and thus 
the equivalence of impact parameter and partial wave techniques is 
emphasized. 
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(4.2) 
-- .... 
If the naive metaphor expressed by (4.3) is intuitively 
extended to the complex angular momentum plane, we see that a 
Regge pole should be somehow analogous to a pole in the complex 
impact parameter plane. In the notation we have been using, the 
pole positions would be related in this view by 
{3( t) (a(t) +f)2 
Although the reasoning which leads to (4.4-) is rather crude, it 
brings to light an interesting result. We have noted already 
that if the scattering amplitude produced by an impact parameter 
pole is to behave reasonably well physically, {3(t) must be an 
increasing function oft; consequently (4-.4) implies that 
(a(t) + f) must likewise increase in magnitude with t. If our 
analogy holds, therefore, we expect that the Regge trajectory 
must move to fairly large negative values as the momentum transfer 
increases. 
A firmer foundation for these conjectures can be constructed 
by considering in the s channel the Mandelstam form of the Regge 
pole amplitude 
F (t,s) 
r 
= r(t) Q-1-a(t) 
which is relevant when a(t) < 1 
- 2• 
( 
2 ' 
-1-...L) t-4 
The similarity between this 
amplitude and .that resulting from an impact parameter pole can be 
established by using the relation between Bessel functions and 
(4.4) 
1 Legend.re functions of large order, analogous to (4.2), 
Q ( cosh i;) 
V 
-( v~ )(l;-tanhl;) 
· 
e ~sech~ K ((v~)tanh~) 
0 ' 
which is valid for large lvl with Rev> O. If a(t) becomes 
sufficiently negative, then (4.5) resembles an impact parameter 
pole term of the form implied by (4.6), namely 
While (4.7) thus reproduces the functional character that we have 
studied in preceding chapters, it does not isolate the s-dependence 
in quite the same way. In fact it is not difficult to see that 
the appearance of the hyperbolic tangent in (4.7) corresponds to 
the appearance of! tan .8 rather than sin% in the derivation of 
the eikonal approximation. This is indeed a trivial change, since 
in the small-angle approximation which was pertinent there 
sin~ ~ ! tan e e ~ -2 
Perhaps, then, the source of the compatibility between the 
large angle scattering and the crossed channel impact parameter 
pole amplitude is that both resemble the behaviour of a Regge pole 
term such as (4.5) at large negative values oft. The necessity 
for the increasing magnitude of a(t) is in fact evident in (4.5), 
since Qv(z) is known to be a decreasing function of v; if F (t,s) 
r 
is to shrink in the crossed channel as the momentwn transfer 
increases, v = - 1 - a(t) must increase. This situa~ion can be 
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(4.6) 
(4.7) 
-
seen f rom the asymptotic expansion of Q (cosh~) pertinent in the V 
2 case of Re v ~ oo 
Q (cosh~) 
V 
which implies that 
' 
r(v + 1) csch f; 
r(v + i) -(v4)~ e ' 
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F (t,s) 
1 ~ / !. r(t) 1-k- (1 + 2...)f4 r(-a(t)) (t+a(t))cosh-1(4:~ -1) e r ~ 2 Lt-4 t-4 r(t -a(t)) 
We note in particular in equation (4.9) that the amplitude can be 
written naturally in terms of the two variables t and x = 4-~t • 
If both sand ltl are much greater than 4-, it is possible to 
express x approximately in terms of the s-channel scattering angle 
e as 
s 
2 
X = 1 - cose 
. s 
• 
Consequently the form (4-.9) suggests the study of large angle 
scattering as a function of scattering angle and momentum transfer 
instead of energy. The x-dependence of the exponential factor in 
1 1 3+cose (4-.9) is then on the quantity cosh- (2x-1) = cosh- (1 es), and -cos 
s 
a logarithmic plot of 
(4.9) 
(4-.10) 
= 
V3-cose 
2 (1-cose) 
against this variable at fixed t should be linear. The importance 
of the quantity (3+cose )/(1-cose) has recently been stressed by s s 
Freund3 in an approach similar to the above but rather more 
approximate; he concludes from a consideration of straight-line 
Regge trajectories that the expected behaviour does exist and 
that the pion pole is the one responsible. In the next chapter 
we shall present results of fitting the experimental data which 
indicate that such behaviour is indeed present and is described 
reasonably well by either a Regge pole with negative trajectory 
or an impact parameter pole. 
For the moment, however, we prefer to continue our further 
investigation of poles in the impact parameter plane. We have 
shown that this concept is analogous procedurally to that of 
Regge poles, and we have established the similarity of the two 
t ypes of amplitude in the region of large momentum transfer. 
There remains, however, the question of a more direct connection 
between the t wo theories. Does a Regge pole amplitude directly 
imply the existence of an impact parameter pole, and vice versa? 
There are several ways to approach this question, but to consider 
it correctly requires that we present in rather more detail t he 
rigorous definition of the impact parameter amplitude. 
We shall employ for this purpose a f ormulation due t o Islam.4 
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which makes clear certain pertinent points regarding the Adachi-
Kotani representation. An amplitude is defined by 
A(k,y) = T(k,y) , 0 ~ y < 1 
= T(k,y) , 1 < y 
where y =sin% and T(k,sin%) = f(k,e). The function T(k,y) is 
arbitrary except for certain convergence conditions, namely (i) 
co 1 
J y2 T(s,y)dy is absolutely convergent and (ii) T(k,y) is of 
1 
bounded variation for 1 < y < co. These conditions are sufficient 
to ensure that A(k,y) has a Fourier- Bessel representation for 
O<y<co, which we write as 
co 
A(k,y) = 2~kj bdb J (2kby) a(k, b) 0 
0 
co 
a(k, b) = 2ik J ydy J (2kby) A(k,y) • 0 
0 
We now split a(k, b) into two parts, writing 
a(k, b) = a1 (k,b) + a2(k,b) 
1 
a1 (k,b) = 2ik J y dy J (2kby) T(k,y) 0 
0 
co 
a2(k,b) = 2ik j y dy J 0 (2kby) T(k,y) . 
1 
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(4.13b) 
(4.14-b) 
(4.14-c) 
which makes clear certain pertinent points regarding the Adachi-
Kotani representation. An amplitude is defined by 
A(k,y) = T(k,y) 0 ~ y < 1 
= T(k,y) 1 < y 
where ye sin% and T(k,si~) = f(k,e). The function T(k,y) is 
arbitrary except for certain convergence conditions, namely (i) 
00 1 
J y2 T(s,y)dy is absolutely convergent and (ii) T(k,y) is of 
1 
bounded variation for 1 < y < oo. These conditions are sufficient 
to ensure that A(k,y) has a Fourier-Bessel representation for 
O<y<oo, which we write as 
00 
A(k,y) = 2~k! bdb J (2kby) a(k, b) 0 
0 
00 
a(k, b) = 2ik l ydy J (2kby) A(k,y) . 0 
0 
We non 9pli t a(k, b) into two parts, writing 
a(k, b) = a1 (k,b) + a2(k,b) 
1 
I 
a1 (k,b) = 2ik j y dy J (2kby) T(k,y) 0 
0 
00 
a2(k, b) = 2ik j y ay J0 (2kby) T(k,y) • 
1 
- : . . .- - . -
42 
(4.12) 
(4.13a) , 
(4.13b) 
(4.14a) 
(4.14b) 
The function a1 (k,b) therefore contains the dynamical description 
of the direct channel amplitude T(k,y), while a 2(k,y) depends 
only on the extension T(k,y) used outside the physical region. 
If we assume a partial wave expansion for T(k,y), 
00 
T(k,sin%) = ~k L (2.e + 1) f,e<k) P/cos e) , 
then the relation 
0 
leads directly to 
00 
.e:O 
= 
1 
2kb J2.e+1 (2kb) 
a1 (k,b) = ~b ~ (2t + 1) f.e(k) J 2.e+l(2kb) • 
t=O 
Consequently ~(k,b) is the same representation we have already 
mentioned as h(b,k) in Chapter II. 
Adachi and Kotani have pointed out that this function is an 
entire function of b of exponential type 1. Therefore the poles 
2 in the /3 = b plane which we wish to stu,dy cannot be present in 
~(k,b); the only possible singularity in the finite f3 plane is 
a branch point at the origin induced by the mapping from b to /3. 
In particular a Regge pole cannot cause a pole in ~(k,b). This 
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(4.16) 
(4.17) 
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result can be confirmed explicitly by applying the Sommerfeld-
Watson transformation to the .series (4.17) with fik) given by 
a single Regge pole term, 
Using the asymptotic behaviour of the Bessel functions 
J (z) 
V 
as !vl ~ oo 
we obtain by a straightforward calculation 
rf(k,,B) 
where 
B(k,,B) 
(2A+l) r(k) J~+1 (-2kf,B) a;.. 
rrcos[rr(A + !) ] (A - a(k)) 
is a "background integral" term which can be shown to be convergent. 
It is evident that il(k,,B) as given by (4.20) is indeed free of 
poles in the ,B plane; in fact it is, as expected, an entire 
function of b. 
We would not expect, however, to find a term supplying the 
crossed channel asymptotic behaviour by means of a1 (k,b), since it 
contains dyn$Ilical information about the direct channel only. 
The scattering amplitude which it produces, 
(4.18) 
(4.19) 
(4.20a) 
(4. 20b) 
I 
. ...... 
00 
/ bdb J
0
(2kby) a1 (k,b). = T(k,y) , 0 ~ y < 1 
0 
= 0 1 < y 
clearly does not extend beyond the boundaries of the direct 
channel physical region. Instead we must consider the analytic 
properties of the function a(k,b) = 8J_(k,b) + a2(k,b) obtained 
when T(k,y) is taken to be the analytic continuation of T(k,y) 
away f rom this physical region, in accord with the principle of 
S-matrix theory. The usual method of expressing this continuation, 
. e) based on the Lehmann ellipse, is to write T(k,sin 2 as a 
dispersion integral in the cos e plane, 
00 p (k, z) -co (k, z) 
~! 1 ~ p T(k,y) dz + +;J dz = 2 2 z-1+2y z-1+2y 
z -z 0 0 
where cos$= 1 - 2y2 and z 
0 
> 1; this function is then understood 
to describe both T(k,y) and the appropriate T(k,y). 
The expression (4-.22) can now be inserted in (4-.13b) to define 
the correct impact parameter amplitude. The first term yields 
00 co 
p (k, z) 
a (k, b) 2ik / dy JO ( 2kby) J dz + = --;- y + 2 
z-1+2y 
0 z 
0 
co 
= 
~) dz p + (k, z) K0 (2kb J z;l ) 
z 
0 
4-5 
(4.21) 
(4-.22) 
because of (2.21). This definition of the impact parameter 
t t . f. t . b H . 5 A . · 1 lt . represen a ion was irs given y enzi • simi ar resu is 
obtained for the second term except that the integration over 
negative values of z causes the argument of the Bessel function 
to be on its cut. Although we could resort to the analytic 
continuation of K
0 (-fz) mentioned in Chapter III, it is more 
reasonable to take note of the well-known fact that this term 
corresponds to the u channel, describing "backward" scattering. 
It is therefore naturally described in terms of the angle rr-e 
e 2 .1.. 
rather thane, that is, by cos 2 = [1 - y ]
2 instead of y. 
Consequently we write 
00 
a _(k, b) = 2;k / y dy J
O ( 2kby) / dz 
0 -z 
0 
-co 
p _(k, z) 
2 
z+l-2y 
= ;k / dz p_(k,z) K
0
(2kb J-z;l ) 
-z 
0 
in terms of which the second term of (4.22) has an impact 
e parameter representation in cos 2 • Thus the amplitude can be 
expressed in the form 
00 
T(k,y) = j b db[J
0
(2kby)a+(k,b) + J
0
(2kb j l-y2)a_(k,b)] 
0 
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• 
It is appropriate to note here that equation (4.25) can be 
separated in a manner analogous to the definition of the 
signature in the partial wave series, 
T(:!:) (k,y) db a(:!:)(k,b)[J (2kby) 
0 
0 
with 
however, there is no simple relation between J
0
(2kb sin%) and 
e J
0
(2kb cos 2), so not much is gained. In particular we point 
out that the·phase of an impact parameter pole term cannot be 
determined as naturally as in Regge theory. 
We see, then, that the impact parameter amplitude appropriate 
to our arguments is a(:!:)(k,b), or equivalently a:!:(k,b) as defined 
by (4.23) or (4.24); in other words, the pertinent form is 
co 
a(k,b) = ;k / dz p(k,z) K
0
(2kbj z;l ) 
z 
0 
with p(k,z) chosen appropriately as p+(k,z) or p_(k,-z). The 
difference between this definition and that of Adachi and Kotani 
can be written simply by defining two functions 
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(4.26a) 
(4. 26b) 
1 
= J y dy 
0 
00 
= J y dy 
1 
J (xy) 
0 
2 !::'2 y + '<> 
J (xy) 
0 
2 2 
y +' 
00 
h(b,k) = ~ (k,b) = ;k / dz p(k,z) )i.l (2kb,J z;l ) • 
z 
0 
The dynamics of the crossed channel region, and therefore any 
possible impact para.meter poles, are contained in the remainder 
of the amplitude, i.e. 
z 
0 
Th~ question of a direct connection between a Regge pole 
and an impact parameter pole can now be considered correctly. 
We define a Regge amplitude 
_ r(kt 
- sinira k) 
2 
Pa(k) (2y - 1) 
which can be written in dispersed form 
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(4-.28a) 
(4-. 28b) 
(4-.29a) 
(4-. 29b) 
(4-• .3oa) 
00 
= - r~k) J dz 
1 
because of the analytic properties of the Legendre function. (In 
reality the dispersion relation (4.30b) is valid only for 
- 1 < a(k) < O; larger values of a(k) require subtractions. The 
essential conclusions we seek are adequately shown by (4.30), 
however, and are unchanged if a(k) is larger.) It follows that 
the impact parameter amplitude corresponding to a Regge pole is 
8R(k,b) = 
• 
The integral can readily be shown to converge for Re b > 0; 
consequently the only singularity in the p plane is a branch 
point at p = O. 
Therefore a Regge pole leads to a cut in the impact parameter 
amplitude but not to poles. In fact, it can be seen from the 
general form (4-.27) that singularities away from the origin of the 
p plane cannot be produced by any p(k,z) which converges 
sufficiently rapidly to permit the existence of the dispersion 
relation (4-.32). It appears, then, that probably the impact 
parameter amplitude contains only a cut on the negative real axis 
of the p plane, and no poles are present. 
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(4.3Gb) 
(4-.31) 
The concept of impact parameter poles may nonetheless be 
relevant in that the contribution of the integral over the cut 
in the p-plane may be well approximated by a pole term; for 
example, the discontinuity across the cut could be strongly 
peaked about a certain value of p. Indeed, the Blankenbecler-
Goldberger representation, which we have used in Chapter III, 
is such an approximation. It reproduces the unlmown analytic 
structure in the fi-plane by means of an N/D solution of a 
dispersion relation in the k-plane for a(k,b), using the well-
known approximate unitarity of the impact parameter representation. 
We conclude therefore that it is reasonable to hope that the 
asymptotic behaviour of the scattering amplitude in the large 
angle region may be parametrized quite well by the form 
F (s,t) ~ R(t) K (~p(t)s) p 0 
which is suggested by a pole in the impact parameter plane. We 
have seen that this form is suggested by potential theory. Its 
compatibility with Regge poles and with rigorous formulations of 
the impact parameter amplitude have been studied. The remaining 
question, which will be investigated in the next chapter, is its 
phenomenological importance: how well does it agree with nature? 
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CHAPTER V 
Comparison with Experiment 
The ultimate test of a theory is, of course, its comparison 
with the experimental data, to which we now turn. The prediction 
of the theoretical considerations of the previous chapters is 
essentially that the behaviour of the scattering amplitude at large 
momentum transfer -.r=£ and high energy -fs should be given, to a good 
approximation, by 
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(5.1) 
if a pole in the crossed channel impact parameter amplitude is the 
dominant mechanism. If the pole is in the direct channel instead, 
the only modification necessary is the interchange of sand t. In 
addition to examining both these cases, we shall also consider the 
possibility, mentioned in Chapter IV, that the abov~ behaviour is 
reproducing the effect of a Regge trajectory moving to large negative 
values. In that case the amplitude is gi. ven approximately by 
"'" R 1 ( t) Q ( ,) ( - 1 - ~) 
-1-a t t-4m2 (5.2) 
Since both of the forms (5.1) and (5.2) involve arbitrary functions 
of momentum transfer, the direct comparison of either with experiment 
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requires data at fixed large values of -t for varying values of s. 
Unfortunately, such data are.not available. Although there do exist 
measureiµents for some different t values at fixed s, the majority 
of the data have variations in both sand tin the points measured. 
We must therefore follow the less desirable procedure of comparing 
with experiment by fitting simple forms of (5.1) and (5.2) to the 
data available. 
We shall begin this section by giving a review of the experimental 
situation in large angle proton-proton scattering. Voluminous data 
on this reaction in the angular region 30°-90° in the centre-of-mass 
system have recently become available, and we have used them to obtain 
minimized chi-square fits with simple parametrizations of the residue 
and trajectory functions. The data themselves, however, have produced 
a considerable amount of controversy and phenomenological speculation, 
and we feel it is appropriate here to describe the current situation 
in some detail. 
The first experiment to measure large angle elastic proton-proton 
scattering was performed by Cocconi et al.1 in 1965. It was found by 
2 . 
Orear that these data, covering a large range of sand t values, 
could b~ fitted quite well by a simple exponential distribution in 
the transverse momentum. P.1- = p sin O: specifically, he found 
a.a 
5 dO = A e 
- P..1.. /b , 
with A= (595 ± 135) GeV2 mb, b = (158 ± 3j MeV/c. This strildngly sr 
simple distribution led to much speculation about the possible 
(5.3) 
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universality of the form (5.3), and attempts were made to derive 
it from more general principles. In particular a statistical model3 
met with some temporary success, until it was shown by Ericson4 that 
in such a model one must find statistical fluctuations in the 
differential cross section. A more precise measurement of the 
angular distribution was made by Allaby et a1. 5 in 1966; there was 
no sign of the predicted fluctuations. These data nonetheless could 
be fitted to Orear's formula provided that a different slope (b = 
(225 ! 4) MeV/c) was used. Further measurements were made by Akerlof 
et a1. 6, who measured the differential cross section at 90° in the 
centre of mass system for momenta between 5 and 13 GeV/c; and again 
7 by Allaby et al. The former experiment showed very clearly a break 
at which the slope in a fit using the form (5.3) changed, while the 
latter observed a corresponding break in the angular distribution. 
As the amount of data available increased, so did the complexity 
of the fitting efforts which various groups made. The Akerlof group 
fitted the proton-proton scattering data over the entire angular 
range using an "onion" model of the nucleon, which pictured scattering 
at larger angles as the result of interactions with the core region 
of the nucleon. On the basis of three dif ferent interaction regions 
they used correspondingly three exponential terms 
da 
dQ = 
3 
L 
i=l 
A. 
1 
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where fi is the centre of mass frame velocity of the proton. It 
should be noted that in their parametrization the variable employed 
is (fip~)2 rather than p~, which Orear used. This variable is 
particularly simple when expressed in terms of the usual invariants 
s, t, and u, namely 
tu 
= 
s 
.An extension of this work was made by Krisch8, who attempted to 
remove the effects of the symmetry under interchange oft and u 
which follows from the indistinguishability of the two protons. 
Krisch's approach involved multiplying the observed differential 
cross-section by a factor which was uhity in the forward direction 
1 0 0 but decreased monotonically to 2 at 90 and to zero at 180. Using 
this "effective cross section for distinguishable protons," he was 
able to fit the general behaviour of the data reasonably well over 
an impressive range of twelve orders of magnitude. 
A different approach was taken by the Allaby group, who, after 
experimenting with various parametrizations, concluded that the most 
effective one is 
(5.5) 
a.a 
dt = B exp (- s sin e/g) • (5.6) 
In terms of this expression the data are found to lie quite closely 
on t wo curves; for s sine< 16 GeV2, the parameters in (5.6) are 
B = (134.6 ± 11.7) mb/Gev2, g = (1.24 ± 0.01) GeV2, while for 
s sine> 20 GeV2, they are B = (56.4 ± 3.4) µb/GeV2, g = (2.77 ! 
0.02) GeV2• 
Both these parametrization techniques are purely phenomenological; 
not only do they have no firm theoretical basis, but in fact either 
(5.4) or (5.6) contradicts the Cerulus-Martin bound9 
!F(s,cos e)l > e -c( z)vslns (5. 7) 
·our result (5.1) is compatible with this bound, however, and has some 
theoretical justification if the previous chapters are accepted. It 
therefore seems reasonable to hope that it will be possible to describe 
the large angle scattering differential cross sections by means of an 
impact parameter pole formalism. The investigation of that possibility 
is the primary concern of this chapter. 
The work we shall describe was per1·ormed at CERN in the latter 
part of 1967, but was completed before the latest data of the Allaby 
10 · group were made available. These detailed measurements, in the 
region near the "break" in their parametrization, show that neither 
of the parametrizations (5.4) or (5.6) is capable of describing 
accurately the full angular behaviour of the scattering amplitude. 
It is perhaps even questionable whether the breaks seen in the earlier 
fits are in fact truly drastic changes in the differential cross section 
or merely an effect induced by the fi tting of a regular variation to 
an unfortunately chosen variable. To show the situation clearly we 
reproduce as Figure 5-1 a collection of all available data, given in 
ref~rence 10. It will be of interest in the future to see whether our 
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form (5.1) can fit the new data reported there. 
The current state of affairs regarding the experimental data 
can be summarized, then, by saying that some very interesting structure 
is clearly present, but present phenomenological fits cannot adequately 
describe more than the gross features of the large angle differential 
cross sections. 
Our procedure for comparing the experimental data with the forms 
(5.1) and (5.2) involved using the MINROS function minimization program 
to find the best fit of the data, in the sense of the smallest value 
of chi-squared, resulting from a simple parametrization with the 
appropriate functions. The MINROS program is a standard one, and we 
shall not give any detailed description of it. The fitting was carried 
out using the CERN CDC 6400 and CDC 6600 computers. For (5.1) the 
residue and trajectory functions were parametrized by writing 
IR(t) I (5.8) 
and 
• (5.9) 
In order to take account of the existence of the u-channel, we 
symmetrize the amplitude by using 
T F (s,t) = F (s,t) + F (s,u) p p (5.10a) 
(5.10b) 
At 90° in the centre of mass system the modification made by (5.10) 
is trivial, since t = u. In order to extend the fitting away from 
90°, however, it is necessary to know the phase of F (s,t) as p 
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defined in (5.1). As we have pointed out earlier, the phase cannot 
be determined as naturally as in Regge theory. We therefore take 
a simple ansatz 
(5.11) 
0 and assume that near 90 it is sufficient to use a linear t-dependence, 
(5.12) 
We have neglected the possibility of s dependence in the phase in 
writing (5.11). Adding to (5.12) any term independent oft, such as 
one linear ins, produces no change in IFT(s,t)l 2, and is therefore 
irrelevant to the calculation of the differential cross sections. 
In order to consider also the possibility of the pole being in 
ed the direct channel impact parameter amplitude we have follo~ the 
same fitting procedure using the amplitude 
IF (t,s)l p 
= F (t,s) + F (u,s) p p 
instead of (5.10). The phase of the pole term was, however, still 
(5.13a) 
(5.13b) 
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assumed to be linear in t as given by (5.12). The Regge theoretic 
form (5.2) was also parametrized in a similar way, putting in FR(s,t) 
IR'(t)l = 
o:(t) = 
exp [R' + R't + R2
1 t 2 ] 0 1 
and symmetrizing in t and u by defining 
= exp[R'+R't+R 1t 2 ] Q 2 (- 1 -0 1 2 -1-o: -at-at 0 1 2 
2s ) 
2 • 
t-4-m 
The phase of FR(s,t), however, is known to come from the signature 
-i1ro:( t)) factor (1 +Te , where T is the signature of the Regge pole 
involved. For the fits we shall present we have assumed that the 
magnitude of the residue is the exponential as in (5.14), and the 
phase is then just 
Since a co~stant in the phase is immaterial, the fit does not depend 
upon the signature of the pole exchanged. 
It did not prove possible to fit all ~he data with a single 
parametrization in any of the forms above. This result is not 
surprising, since we expect that the 11 break11 mentioned earlier may 
reflect the change occurring when a near trajectory becomes the 
(5.14) 
(5.15) 
(5.16a) 
(5.16b) 
(5.17) 
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dominant one. We have therefore divided the data into two sets in 
roughly the s~e manner as in·reference 7. A list of the data 
points used in the fitting program along with pertinent kinematical 
quantities is given in Tables 5-A and 5-B. These points do not 
include the entirety of the data; they are primarily representative 
of the 90° scattering in the c.m.s. system plus a number of points 
at angles near 90°. Points far from 90° in the centre of mass system 
were excluded on the basis that fitting them provided a test rather 
of the phase parametrization (5.12) than of the original formula (5.1) 
or (5 . 2). A further factor limiting the number of data points fitted 
was the excessive amount of computer time used in recalculating the 
Bessel functions for the parametrizations (5 .10) and (5 .13), and the 
Legendre functions for (5.16), on each loop of the minimization 
procedure. 
We begin with the more asymptotic region for which s sine> 
2 18.5 GeV. The fits obtained to the 37 data points listed in Table 
5-A using the parametrizations (5.10), (5.13), and (5.16) are 
2 
summarized in Table 5-C. We give the value of X in each case for 
all thirty-seven points and also for the twenty-eight points at 90° 
in the centre of- mass system in order to show the efficiency with 
which the assumptions (5.11) and (5.12) and the result (5.17) were 
able to parametrize the phase of the amplitude. The fits are 
generally good, and we shall elaborate briefly upon each of them. 
The graphical presentation of the results is made rather clumsy by 
the fact that we are dealing with two indep endent variables sand t. 
In the detailed results, to be found at the end of this chapter, 
wa have elected therefore to give in tabular form the full fits 
to the data, and to plot explicitly in the graphs only the fits 
to the points at 90°. As an indication of the effect of our 
symmetrization technique we show in these tables the ratio of 
the u channel amplitude to the t channel amplitude. The values 
of this parameter, listed as FU/FT, are uniformly less than one 
and decreasing for angles away from 90°. Finally we point out 
that the units we use for the parameters d 
~' Rl, R{, {31, d {31, al, 
and cp, GeV- 2 · d R2, /32, d and a2, GeV-4-. are ' of R2, R2, /32, 
Fit Parametrization Number of 2 x2(90°) parameters X 
D (5.10) 7 31.08 25.71 
E (5.10) 3 62.58 50.87 
F (5.13) 7 36.67 28.21 
G (5.16) 6 35.87 30.21 
H (5.16) 4- 4-1.59 38.38 
Table 5-C Summary of results for the fitting of the 
three parametrizations being studied to 
the data in Table 5-A. 
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Beginning, then, with the parametrization (5.10), we find a 
good fit to the data, shown in Figure 5-2 and Table 5-D, with 
2 
= 31.08, corresponding to the parameters X 
RO = (4-.08 :!: 0.50) Rl = (0.011 :!: 0.14-1) 
R2 =- (2.89 :!: 5.4-9) X 10-3 
f3o = -(0.272 :!: 0.111) /31 = (0.0703 :!: 0.0195) 
/32 = -(9.21 :!: 7.00) X 10-J+ 
cpl = -(0.133 :!: 0 .054-) • 
It is apparent that this parametrization is in good agreement with 
experiment. We show in Figure 5-4- the variation with t of the best 
fit residue and trajectory functions 
(5.18) 
(Fit D) 
R(t) = exp(J+.08 + 0.011 t + 0.00289 t 2) (5.19a) 
-{if[t5 = ~ 2 - 0.272 - 0.070) t - 0.000921 t (5.19b) 
The large ·standard deviations of some of these parameters as given in 
(5.18) are interpreted to mean that the functional form being used is 
so compatible with the shape of the data that a good fit can be 
obtained for a large range of values of R(t) and /3(t). We have there-
fore reduced the number of free parameters to three by setting ~ = R2 
= {32 = cp1 = O, corresponding to the assumption of a constant residue 
I 
I 
I 
I 1 
- . -.--; ---. . -
and a linear t-dependence for the square root of the trajectory 
,!ff(tJ. Despite the rather austere limitations thereby imposed 
on F (s,t), a reasonably good fit is still obtained. The value p 
2 
of x is approximately doubled, to 62.58, of which more than 25 
is due to only two points. The results for this fit are given 
in Table 5-E, the comparison with the 90° points being shown in 
Figure 5-3. The best fit values of the free parameters are 
RO = (5.36 ± 0.27) 
f3o = {0.280 ± 0.082) 
/31 = -(0.0288 ± 0.0024) • 
We have also indicated on Figure 5-4 the value exp(R0 ) and the 
straight-line trajectory resulting from (5.20). 
Following a similar procedure using the parametrization 
) . 2 (5.13, we find an almost equally good fit with X = 36.67. 
parameters have the following values: 
= (3.04 ± 0.02) R1 = (0.142 ± 0.002) 
R2 = -(0.00206 ± 0.00002) 
130 = -(0.311 ± 0 . 068) 
/32 = -(7.83 ± 0.09) X 10-
4 
~l = -(0.0233 ± 0.0001) • 
The 
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(5.20) 
(Fit E) 
(5.21) 
(Fit F) 
I 
I· 
,I 
I I 
I! 
and a linear t-dependence for the square root of the trajectory 
../iirtf. Despite the rather austere limitations thereby imposed 
on F (s,t), a reasonably good fit is still obtained. The value p 
of x2 is approximately doubled, to 62.58, of which more than 25 
is due t o only two points. The results for this fit are given 
in Table 5-E, the comparison with the 90° points being shown in 
Figure 5-3. The best fit values of the free parameters are 
RO = (5.36 :t 0.27) 
f3o = {0.280 :!: 0.082) 
/31 = -(0.0288 :!: 0.0024-) • 
We have also indicated on Figure 5-4 the value exp(R0 ) and the 
straight-line trajectory resulting from (5 . 20). 
Following a similar procedure using the parametrization 
) . 2 (5.13, we find an almost equally good fit with X = 36.67. 
parameters have the following values: 
= R1 = (0.142 :!: 0.002) 
R2 = -(0.00206 :!: 0.00002) 
The 
= -(0.311 :!: 0.068) = (0.0698 :!: 0.0007) 
~ 
{32 = -(7.83 :!: 0.09) X 10-4 
~l = -(0.0233 :!: 0.0001) • 
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(5.20) 
(Fit E) 
(5.21) 
(Fit F) 
- . 
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In Table 5-F we list the results for this fit, and in Figure 5-5 
is shown the comparison of the calculated values with experiment 
for the 90° points. The best fit residue and trajectory functions 
= 
jl(s)= 
exp(3.04 + 0.142 s - 0.00206 s2 ) 
2 
- 0.311 + 0.0698 s - 0.000783 s 
(5.22a) 
(5.22b) 
are pictured in Figure 5-6. The standard deviations of the parameters 
listed in (5.21) are all quite small, implying that the fit depends 
rather strongly on the actual parametrization used for the residue 
and trajectory. 
The final parametrization fitted to these data is that given by 
(5.16), employing a Regge-pole term. With this for~ also we find 
quite good agreement with experiment, obtaining for the thirty-seven 
data points a least value of x
2 
of 35.87 using the parameters 
R' 0 = (5.50 ± 1.62) 
R2 = 
~ = 
(0.0120 ± e.0116) 
a0 = - 1 +(0.089 ± 0.670) = 
(0.410 ± 0.288) 
-(0.076 ± 0.120) 
Again the compatibility of the functional form (5.2) used with the 
shape of the data is indicated by the large standard deviations 
attached to the parameter values in (5.23). We therefore attempt 
(5.23) 
(Fit G) 
a more stringent fit, reducing the number of free parameters to four, 
by eliminating the quadratic terms in R'(t) and a(t). With 
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R' 
2 = a2 = 0 a good fit is still obtained, the parameters 
R' = (4~699 :!: 0.001) R{ = (0.1598 :!: 0.0001) 0 (5.24) 
ao = - 1 +(0.5490 :!: 0.0001) al = (0.05115 :!: 0.0001) (Fit H) 
yielding a x2 value of 41.59. The standard deviations have receded 
to the fourth significant figure for this fit. 
As before, we show the full results for these two fits in 
Tables 5-G and 5-H respectively, and the comparison with the 90° 
data points in Figures 5-7 and 5-8. The residues and trajectories 
for both are plotted together in Figure 5-9. We note that the 
trajectory values are in agreement with our earlier conjecture that 
a(t) should move away from zero. The intercept of either the linear 
or the quadratic trajectory at t = 0 is negative, corresponding to 
a low-lying pole, but it is presumptuous to imagine that these values 
can be extrapolated so far beyond the range oft in which they were 
fitt ed. 
2 We turn next to the lower-energy data in the range 11 GeV < 
s sine< 17 GeV2• Table 5-I summarizes in the previous way the 
results obtained for the three parametrizations. The fits to the 
- 0 twenty-two data points at 90 are about equally as good as those to 
all twenty-nine, so the phase parametrization again seems satisfactory. 
Fit Parametrization Number of 2 x2(90°) parameters X 
J (5.10) 7 20.90 18.53 
K (5.10) 3 41.4-1 38.96 
L (5.13) 7 34-.68 33.27 
M (5.16) 6 21.19 17.89 
N (5.16) 3 40.96 38.95 
Table 5-I 2 Values of X for the twenty-nine data points 
and the twenty-two at 90° in the centre of 
mass system obtained by fitting the data in 
Table 5-B. 
Beginning with the parametrization (5.10), we find that the 
assumption of a pole in the crossed channel impact parameter 
amplitude is capable of producing good agreement with experiment 
using the parameters 
R0 = (6.83 :!: 1.21) ~ = (0.266 :!: 0.028) 
R2 = -(0.014-6 :!: 0.0716) 
f3o = -(0.614- :!: 0.121) /31 = -(0.24-5 :!: 0.125) 
/32 = -(0.0187 :!: 0.0303) 
<pl = (0.225 :!: 0.270) • 
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(5.25) 
(Fit J) 
2 
The resulting value of x is 20.90, indicating quite a good fit. 
Once again we note that the standard deviations are fairly large 
and that as a result some of the parameters are consistent with 
zero. This fact indicates that the considerable curvature present 
in ~p(t) is not of much importance to the fit. As before we 
therefore reduce the number of parameters; in this case it appears 
compatible with (5.25) to use a linear residue and a constant 
trajectory. Setting R2 = p1 = p2 = ~l = O, we obtain a fit which 
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2 
still has a reasonably low X of 41.41 corresponding to the parameters 
R0 = (8.02 ± 1.16) 
= 
R1 = (0.537 ± 0.183) 
(0.209 ± 0.063) 
Even with this more stringent parametrization the freedom in R(t) 
and fi(t) is fairly large. We give the full results of these two 
cases in Tables 5-J and 5-K and Figures 5-10 .- 5-12. 
(5.26) 
(Fit K) 
For the parametrization (5.13) corresponding to a direct channel 
impact parameter pole, the best fit is considerably poorer than that 
of the previous case. The parameters 
Rd 
0 = (3.85 ± 0.08) ~ = (0.790 ± 0.015) 
Rd 
2 = -(0.0337 ± o.oqoB) 
I'~ = (0.0593 ± 0.0017) rl 1 = (0.280 ± 0.007) (5.27) 
I'~ = -(0.0110 ± 0.0002) 
(Fit L) 
~l = -(0.0723 ± 0.0025) 
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2 produce a X value of 34.68, which, although not extraordinarily 
large, is nonetheless 65%, larger than the comparable value resulting 
from a crossed channel impact parameter pole. The details of this 
fit are given in Table 5-1 and Figures 5-13 and 5-14. 
Finally we consider the Regge pole parametrization (5.16) for 
these data. The fit obtained here is fully as good as that using 
2 (5.10), obtaining a value of 21.19 for x corresponding to the 
parameters 
R' = 0 (4.67 ± 1.41) R' 1 = 
R' = -(0.0866 ± 0.0197) 2 
(0.231 ± 0.119) 
(5.28) 
a0 = - l +(0.817 ± 0.224) a1 = -(0.0327 ± e.0325) (Fit M) 1 1 
= -(0.00116 ± 0.00225) 
Once again the specific form of the residue and trajectory is not 
very well determined because of large standard deviations attached 
to the parameters. re have shown in previous cases that a more 
spartan parametrization usually succeeds in obtaining a good fit 
when this situation arises. For the results (5.28), however, we 
notice from Figure 5-17 that the trajectory 
a(t ) = - 0.183 - 0.0327 t - 0.00116 t 2 
has not fulfilled our expectation that it would be reasonably far 
from zero in the region of interest. We therefore attempt to 
ameliorate this problem by fixing the parameters a0, a1 , and a2 at 
(5.29) 
values one standard deviation from those in (5.28), in the 
appropriate direction to remove the value of a(t) from zero. 
This improved curve, 
= 
is also shown in Figure 5-17. We then find a fit to the data 
having x2 approximately doubled, to 40.96, with the residue 
parameters given by 
R' = 0 (6.62 :!: 0.15) = (0.589 :!: 0.062) 
(5.30) 
R' 2 = (0.00819 ± 0.00625) • 
(5.31) 
(Fit N) 
The full results for both cases are given in Tables 5-M and 5-N; 
the comparisons with the data at 90° in the centre of mass system 
and the residue and trajectory parametrizations are shown in Figures 
5-15 - 5-18. 
We conclude from the results of the fitting procedures we have 
presented here that in general the formalism described in the 
preceding chapters based on the quasi-Reggeisation of an impact 
parameter representation is capable of describing the experimental 
data on proton-proton scattering near 90° in the centre of mass 
system. Comparing the results obtained by the use of a pole in the 
crossed channel impact parameter amplitude with those of a pole in 
the direct channel amplitude indicates that the crossed channel pole 
is in rather better agreement with experiment, although a reasonable 
fit can be obt ained on either basis. The connection noted in 
the preceding chapter between the amplitude resulting from an 
impact parameter pole and the Mandelstam form of a Regge amplitude 
is also substantiated by the excellent fit to the data which are 
obtained by parametrizing the latter. 
We bring to an end the first part of this thesis by remarking 
that the problems of high energy physics must be considered as 
pragmatic ones. Unlike quantum electrodynamics, the theory of 
strong interactions cannot, as yet, attempt to calculate 
experimental quantities from first principles; instead it must 
rely on finding the proper conjunction of basic ideas and simple 
parametrizations. From the most pragmatic viewpoint, the choice 
of parametrizations is decided by convenient representation of 
the experimental situation. Thus the partial wave expansion is 
particularly appropriate in, for example, the study of resonant 
structure, where it is intimately connected with the angular 
momentum of the resonance. On the other hand, diffractive 
scattering is much more aptly described by an impact parameter 
expansion. 
A second, and less obvious, importance of parametrization 
techniques is their suggestive nature. By ~ay of Regge theory, 
the partial wave expansion provides a rationalization of the 
behaviour R(t)sa(t), which is itself an excellent parametrization 
of high energy scattering in the s-channel. We view our conside-
rations of the complex impact parameter plane in a similar light; 
. . 
-- -.- ...... 
~
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1, 
they suggest a form for the scattering amplitude which, in its 
dependence ons and t, seems to be reasonably compatible with 
the large angle scattering. We hope therefore that the concept 
of poles in the impact parameter plane may be phenomenologically 
useful in high energy physics. 
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in the regions sine> 18.5 GeV2• 
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35,57-4 - i4,9-o9 .365 _ __ ,082- - ,3~4 --- ,-oss _____ ,,_o--'5--'4_ 
. :3 8. O 1 O · 17 , 2 4 5 -~. , 1 s 8 . · . , O l 7 , 16 2 2 , 2 7 9 _ l , 0 O O . 
· 41~7ss - ·1a.1l9_--'-- ,061 ,oo9 ,046 2,760 .667 
~-4 2 , 8 8 2 i 9 , 6 8 2 , O 5 2 , 0 14 - , 0 3 O 2 , 3 6 2 l , 6 0 0 
__ 59,75~ 2~'118 ,OOl - ,ool ,OOO 1,593 1,000 
, Table 5E Detailed results for fit E. 
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Figure 5-4 Residue (a) and trajectory (b) functions 
for fits D and E. 
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~ T EXPTL VAL ERR FIT CHI SQUARE FU/fT 
'iB,735 7,608 A0,900 3,721 84,259 ,815 1.000 19.109 7.795 78,000 3.354 75.202 ,696 1.000 
,·9 • 482 7,981 67,600 3,583 67,062 ,023 1~000 19.855 8.16~ S8,900 2,886 59.756 ,688 1. 000 20 .229 8,355 53,600 2,S19 53,206 ,02s 1.000 ;,i),602 8,542 46,800 2,293 47,339 ,oss 1.000 ;,o.976 8.728 44,100 2,117 42.091 ,900 1.000 21.350 8,915 38,600 ie814 37.401 ,437 1,000 21.723 9.102 35,600 1,709 33,214 1,950 1.000 
~2.097 9,28? 30,300 i,485 29,479 ,306 1.000 22.471 7,506 29,600 ,100 36,137 ,589 
.520 22.471 9,476 28,400 1,562 26,150 2,075 1.000 22,471 8,815 26,900 ,900 26,570 ,134 ,804 22.845 9,663 25,500 1,377 23,186 2,824 1.000 ;,3.219 9,850 20.200 1,091 20,549 •102 1.000 23,593 l0,037 19,000 ,988 18,204 ,650 1,000 ;,3,967 10.22~ 15,300 ,826 16,120 ,986 1,000 ?4,341 10,411 14,300 ,772 14,270 ,661 1,000 ?4,715 16.598 ll,800 ,625 12,629 1,757 1.000 25,089 lci,785 11,600 ,626 li,173 ,464 1.000 ?.5,463 10.972 9,530 ,600 9.883 ,346 1.000 ;.,5,837 11.is? 8,670 ,494 8,740 ,020 1,000 26,211 ll e34~ 7,390 ,436 7,728 ,600 1,000 ;:, 6,586 1 i.533 1.220 ,513 6.832 ,574 1.000 ;:; 6 • 960 11 • 720 5,250 ,299 6,039 6,953 1,000 
~8.644 9,73? 4,360 
·140 4,552 1,884 ,388 2,8,644 12.563 3.310 .o9o 3,465 2.974 1.000 33,513 11,623 l,030 ,030 i,017 ,192 .327 33,513 12.393 .920 ,040 ,886 ,992 .423 33,513 i2,910 ,860 ,030 ,815 2,260 ,503 33.513 13,690 .010 ,040 ,749 2,358 ,651 33,513 14,997 ,750 ,050 ,708 ,693 1.000 38 ,010 i7,245 ,188 II O i 7 ,175 ,625 1.000 41,758 i8ell9 ,061 ,oo9 
.0~1 ,602 .734 35 ,574 i_4,909 ,365 .os2 ,384 ,oSl ,695 42, 882 19.682 ,os2 ,014 ,043 ,332 1,000 5911755 20.118 .001 eOOl .002 ,942 1,000 
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--· . -;- -.~, : 
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Figure 5-6 Residue (a) and trajectory (b) functions 
for fit F. 
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s T E>'PTL VAL ERf; F lT OHJSOUARE FU/F'T 
1 D,735 7 • 6(H; 80.900 ,3.·721 .ee,977 4.711 1,000 
19,109 7, 79!:; 70.000 . 3 ,:3 5 4 ·7e,551 • o:n 1,0 00 
19,482 7,9E1 67,6QO 3 ,;5 8 3 ,69,362 ,242 1,000 
19,855 8,1()€ 58,900 2 •. e s 6 ·61,259 .668 1,000 
20,229 8, 35!:; 53,6QO 2 ,,51'9 ;54,113 ,041 1,000 
20,602 8, 54·, 46,eoo 2 .'293 4 7 t e O fl ,193 1,000 
20,976 8,72€ 44,100 2.117 '1 2 , 2 4 3 ,769 1,000 
21,350 0,91'~ 38,600 1 ,,e :t. 4 ;37,332 .489 1,000 
21,723 9,10, 35,600 1.·709 .32,996 2.323 1,000 
22,097 9,2ec; 30,300 1,·'185 •29, 167 ,582 1,000 
22,471 7,5oe 29,600 •· 7 O 0 ' 29,264 ,231 ,496 
22,471 9, 4 7,e 2f:l t 4 Q Q 1,:5 62 '. 25 t 786 2.801 1,000 
22,471 8, 81;~ 26,900 •' c; 0 0 ·26,173 t 6'32 ,786 
22,845 9,66~ 25,500 1.:3 77 :22,799 3,847 1,000 
23,219 9,050 20.200 1,091 :20!161 .001 1,000 
23,593 10,037 19,0QO •' c; 8 8 17,831 1,401 1. 0 0 0 
23,967 10,22411 15,300 •. e 26 15,772 .326 1.000 
24,341 10,411 14,300 ,·7 72 13,Q52 ,203 1.000 
24,715 10,69.f 11,800 ,,t 25 12,345 ,·759 1,000 
25,089 10,785 11,600 ,,t 26 1 0 t Q 2 A 1,165 1,000 
25,463 10,97:ti 9,530 , 16 0 0 9 t 6 6 fl .053 1,000 
25,837 11.15<; f.l,670 ,,4 94 8,959 I O '31 1,000 
26,211 11,34C 7,390 ,,4 36 : 7,r;77 .105 1,000 
26,5 86 11, 63j 7,2 20 ,151 ~ ~.1 10 ,QOQ 1. 0 0 0 
26,960 11,720 5,250 ,12 9c;: ·5,943 ·5,368 1,000 
28,644 9,737 4,360 i140 4,996 2,838 ,356 
28,644 12,56~ 3,310 ,090 ·3,.1152 '2.493 1,000 
33,51.3 11,623 1,030 ,030 1~029 , O O 3 ,313 
33,513 12,39~ ,920 ,040 . ! 897 ,345 ,402 
33,513 12,910 ,860 ,030 836 ,633 ,479 
33,513 13,690 .a10 ,040 777 ,678 ,628 
33,513 14,997 ;75 0 ,050 743 ,022 1,000 
3fl,010 17,24~ ,168 , O;O 190 ,013 1,000 
41 , 758 18 • 11'~ ,061 , 0 0'9 063 ,059 ,749 
35,574 1'4,90~ ,365 ,082 40, ,228 ,682 
42,802 1 9 ,(>~,, ~ 0 5 ;2 , 01 '4 0 '4 6 ,129 1,000 
59,755 2a,1ie .001 .001 0 0 :I. ,356 1,000 
1'\' .; )~ 
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18,735 7,60€ eo.9oo 3e'721 1<;2,211 9.248 1,000 
1G,1 Q9 7,79~ 78.0QO 3 ,:3 5 4 ;eo,90P. 
.752 1,000 
19,402 7,981 67,600 3 •. 5 83 71,035 .919 1,000 
19,855 fl,16€ 58 1 9QO 2 ,·€ 8 6 ,(:2,407 1. 476 1.000 
20,229 0,355 53,600 2 ,:51'~ ,54,861 
.251 1,000 
20,602 0,54( 46,800 · 2 , '. 2 9 3 .4A,257 
.404 1.000 
20,976 0,72E 44,100 :2 .117 4 2 , 'I 7 3 .591 1,000 
21,350 8, 9;,,;5 38,600 · 1 ,.e 14 :37,403 • 4 3 !5 1, DO 0 
21,723 9.10~ 35,600 1,70<i ;32,951'! .2,394 1,000 
22,097 9, 2ei; 30,300 1 , ,4 8 ~ 1 29,053 ,705 1,000 
22,471 7,50( 29,6Q0 .·10 0 :28,924 • 9 3 3 ,537 
22,471 9, 4 7,t 28 1 4QO 1 ,: 5 6 2 ·25, 626 3,154 1,000 
22,471 0, 81;~ 26 • 9 O 0 ,,c; 0 0 1 25,976 1,053 ,811 
?.2,845 9,663 25,500 1,,37 7 :22,61"1 4,392 1,000 
23,219 9,050 20.200 1,091 .19,966 ,046 1.000 
23,593 10,037 19,0QO ,' c; B 8 17,636 1' •' 9 0 6 1,000 
23,967 10,2?41 15,300 •. e 2 t 15,585 .11Q 1, DO 0 
24,341 10,4:l.1 14,300 ,·7 7 2 13 _,77A ,456 1,000 
24,715 10,5~F. 11.eoo •. t 25 .12,1~6 ,382 1,000 
25,089 10.78~ 11,600 ,.e 2 e 10,783 1,701 1.000 
25,463 10,9?, 9,530 ,·6 0 0 9,54'3 ,001 1,000 
25,837 11.1~~ 8,670 •. 4 9 4 8~452 ,194 1,000 
26,211 11,34( 7,390 ,,4 36 ' 7 I 4 8 8 ,050 1.000 
26,586 11,53~ 7,220 ,•513 6,635 1,301 1,000 
26,960 11,720 5 .-2 5 0 ,29~ ·5,882 4,465 1,000 
20,644 9, 7.37 4,360 e14 0 4,366 ,002 ,, 397 
28,644 12.~6:! 3,310 ,090 3,435 . 1. 933 1,000 
33,513 11;62~ 1,030 ,030 1,n4Q 
.411 ,326 
33,513 12,39~ ,920 ,040 , ·, 91 ~ ,009 ,420 
33,513 12,91:0 .860 ,030 ,853 ,055 ,499 
33,513 13,690 .s10 ,040 ~789 ,271 ,647 
33~1_3 __ 14,997 ,750 __ . _050 , ,'151 .obQ _L__Q__Q_Q_ 
35,574 14,9!)«; 365 ,082 , '1 1 41 ,3?9 ,687 
38,010 17 ;2-4~ • i-ea. . • 0 j_? ,191 
.032 1 -. 0 0 0 
41,758 10.11·~ , 0 6 :1.0 , O 0'90 , ,0641 
.1j_J ,712 
42,882 19,68, ,0521 ,0140 . ,-·cr4 s 2. ,233 1,000 
59,755 28,1:li~ ;00;1.l , 0 O 10 . ~ 0 0 03 
.842 1,0QO I, 
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Table 5H Detailed results for fit H. 
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1 oi+ ~-~~~~,..,.._,...,.,~ln-rtnii -rl ITTTT1T"T:T1 TTT , 1-m.crrlrnl !Tnl 'i'TTITTTIII TT1!11TTtrTTTTTTITTTTTTTITTITTTnllTIT11TiTITTTTITil1·,~1 • ', .• . 1111 ,111 Iii ,1·,1 ' I ' ' I H I 
I . II 11 
. :, 11! No.· II !I Ii I I I I i 11 I 111 II I !I .. I I 
"I 11 ! ! r-li .I , i I\ 11 ! I I I 11 I : I L I j 
. J, j i11 11\ I I I I I 11 11 II I · 11' 
:/i! !iii i ' 11 i' iii · ''II , ,i I I Ii! 'L! j!!i .Iii I , !, i L! iii I 1 ' I - I I 
::1 11 111 I I 1~ I I 11 :I!! II 1, Ii I 1 111 · .. 
I ! I' ~ j i j :-I :ii I f I 1 1 111 ., ' il l 
.,, , I I 
:11! Ii 1 , l.11 lil I I l I ill I 
I .. .. . 
.. ::ii 1' I I j 1' 
"II 
- I 
-- .. ... 
. ! 
!'i. 
'I i I . ! .I 
t .'.Ji !JJ. i' • wl illlJ_W..U..W+W-W-m+1-1e1+1+++++++1+t+H++ ..1++J ++-+++rtt+ttttl __ iitttli J - . --11 -- -- -- . . . 
11 
12 13 ~- 14 - - 15 
s, Gev2 
16 
Fi~·. 5.-1 o. Comparison of the 
experimental data at 90° in 
the center of mass: system with 
fit J. The errors of the data 
points are approximately 5 ~. 
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s T EXPTL VAL ERR FIT CHI SQUARE FU/FT 
fI • 267 3,590 9248.2 61615 9615•8 1355 .737 
11,304 3,64~ 9168,4 568,4 9306 .,6 ,059 .769 
11,267 31640 9063,3 431,6 954418 1.245 .778 
Ii,3o4 31892 as10,o 246.8 9148•.5 6,694 1.000 
11.488 3,9~5 7~00,0 237,0 8005>!9 •204 1.000 
ll.673 4,077 7090.0 219.8 7010,3 ,131 1,000 
]1,857 4.16? 6490,0 233,6 6}40,6 21244 1,000 
l2,042 4,262 5530,0 111.4 5379,6 1770 1.000 
12,227 4,354 4900.0 166,6 4715;0 1•234 1.000 
12,412 4144~ 447010 13816 4f33;e S.886 1.000 
Y21597 4,539 3720,0 122,8 3625!.S ,593 1.000 
,2.782 4,632 3370,0 111,2 3i80!7 21898 1,000 
;:2,967 4.72~ 2740,0 95.9 2791,3 ,287 1.000 
i'3.l53 41817 2440,0 75,6 245014 •019 1,000 
131301 4,440 2413•1 155,7 234013 •219 1616 
13,283 41660 233019 1ss.4 2269!() I 1158 1788 
)3.338 41910 2190•0 8110 2i51~7 1223 1,000 
13,524 s1002 fajo.o 6717 1s90,o 1786 1,000 
)3,895 5,188 iSoo.o 5515 1459.5 
.. 
,532 1.000 
}41266 5,3?4 1070,0 50,3 lf2Bi3 1,344 1,000 
141638 s1ss? 79610 36,6 873,2 41442 1,000 
1s.121 5,039 721.1 38,8 13r~4 ,178 . ,441 
is.009 5,745 645,0 26,4 676~4 1,412 11000 
1s.1s0 5,670 583,5 64,8 614;9 .234 .as2 
JS.381 5,9~1 SiS,O 20,6 524~5 1214 1,000 
15,754 6,117 386,0 1a1s 407!i 1'298 1.000 
16.126 6,303 305,0 16,5 316.3 •468 1.000 
16,498 6,490 253,0 1114 245~-9 ,388 l "OOO 
16,871 6,6!6 211,0 9,8 191 ,;4 6,891 1,000 
'"\ 
-'--
\ 
Table 5K Detailed results for fit K. 
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fit K. The errors of the data 
points are approximately 5 % • 
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Figure 5-12 Residue(~) and trajectcry (b) functions 
for fits J and K. 
• 1 
s T EXPTL VAL ERR FIT CHI SQUARE FU/FT 
'fl.267 3.590 g24s.2 616.5 9518.!7 ,i92 .742 .... 3.648 9168.4 568,4 9214.9 ,001 .774 11·304 j). 267 3.640 g063,3 431.6 9434.3 .739 .782 Jl,304 3,892 B5io,o 246,8 9028,3 4•411 1.000 11,488 3,985 7900,0 237.o 7958.!0 ,060 1.000 fi.673 4,077 7090•0 219,8 7009,5 .}34 1.000 
,1.857 4,16? 6490,0 233,6 6i70,1 le875 1.000 ;:2.042 4,262 ~530,0 i71,4 s42B,o ,354 1.000 ]2,227 4,354 4900.0 166,6 4772,6 ,585 1,000 
12.412 4,44~ 4470,0 138,6 4194.4 3,955 1.000 Y2.s97 4.539 3720.0 122,8 3684,8 ,082 1.000 
;2.782 4,632 3370,0 111.2 3236,o 1,451 1.000 12,967 4,724 2740,0 95,9 2841,i 1,112 1.000 ;· 3.153 4,817 2440,0 75,6 2493,9 ,507 1.000 j). 30 l 4,440 24\3,l 155,7 2370•3 ,o76 ,657 
13.283 4,660 2330,9 155,4 2306;0 ,026 ,813 
13,338 4,910 2190,0 81,0 2188.7 ,OOO 1.000 13.524 s.002 1830.0 67,7 1920,8 1,798 1,000 iJ.895 5,188 1500,0 55,5 1479,3 ,140 1.000 14.266 5,374 1070,0 50,3 1139!7 1,919 1,000 
,4.638 5.559 796,0 36,6 878,8 s,111 1.000 is.121 5,039 721,1 38.8 706,5 ,140 .533 is.oo9 5,745 645 .. o 26,4 678,6 1,616 1.000 ;s.1se 5,670 583,5 64,8 615•0 ,236 ,884 
,s.381 5,931 s1s.o 20,6 s2s,o ,235 1.000 1s.1s4 6.117 3~6,0 i 8 " 5 407•1 1.296 1.000 16,126 6.303 305,0 16,5 316!_6 ,493 1.000 16.498 6,490 253.0 11.4 247,o ,281 l. OOO }6,871 6,676 217,0 9,8 193,4 5,847 1,000 
--· --
'. 
I 
\ 
Table 5L Detailed results for fit L. 
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Fig . 5-1\3. Comparison of the 
experimental data at 90° in the center of mass system with fit L. The errors of the data points are approximately _5 f. 
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Figure 5-14- Residue (a) and trajectory (b) functions 
for fit L. 
' -~--,
' 
. I 
s T E~PTL VAL ERR F IT 0HlS0UARE F'U/F'T 
11,267 3,590 9248,2 6j, 6,5 •<;406,2 ,125 ,729 
11,304 ;3,64€ 9168.4 56E,4 1 <; 1 99,5 ,003 ,761 
11,267 3,640 9063,3 ·4 31 ,·6 •<;419,2 ,680 ,771 
11,304 3,89~ 8510.0 2 4t ,.e ,<;0~2.0 5.562 1,000 
11,488 ~.98~ 7900,0 237,0 ;€027,0 
.207 1,000 
11,673 4,077 7090.0 21·s ,.e '7076,9 ,004 1,000 
11,857 4,16<; 6490.0 233,6 .6230,9 1,230 1,000 
12,042 4,2&.~ 5530.0 171 •. 4 :5479,0 .oao 1,000 
12,227 4,354 4900.0 16t ,6 4 8 1 2 , t 
.278 1,000 
12,412 4,44t 4470.0 13€,6 4221,5 3.215 1,000 
12,597 4,53~ 3720,0 1?. 2 , · e :3699, fJ ,020 1. 0 0 0 
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PART II 
MULTIPLE SCATTERING- IN 
THE QUARK MODEL 
CHAPTER VI 
Introduction and Apologia for the Quark Model 
"Beyond thy telescope or spectroscope observer keen, beyond 
aJ.l mathematics, 
Beyond the doctor's surgery, anatomy, beyond the chemist 
with his chemistry, 
The entities of entities, eidolons. 11 
Whitman1 
I 
One of the most frustrating facts in fundamental particle 
physics is that nature apparently does not permit the existence 
of the free quark. -fuen Gell-Mann2 and Zweig3, prompted by the 
outstanding success of the eightfold way, suggested these 
elementary objects as a physical source of the observed symmetries, 
the way seemed open to an understanding of the hadrons as a newer 
and deeper form of nuclear physics. The principal proviso on this 
conjecture was the necessity of observing the free quark, the 
"hydrogen nucleus" of the system, which would be distinguished by 
its fractional electric charge. Such particles were not known to 
exist at that time, nor have they been discovered since. The 
emphasis of research activity therefore turned quite quickly, and 
with justification, to a more recondite mathematical viewpoint 
which regarded quarks as a group theoretic abstraction rather than 
a physical entity. In other words, physical quarks became 
mathematical quirks. Although the fruit borne by the intensive 
study of group theory has hardly been sufficient to fulfill its 
original promise, this basic attitude is still commonly held. 
The first indication of a return to a more literal physical 
picture of the quark model came in papers published independently 
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by Levin and Frankfurt4- and by Lipld.n and Scheck5• The princip1:1.l 
observations of these papers can be encapsulated in the statement 
that if mesons consist of two quarks while baryons consist of three, 
then the ratio of mesonic to baryonic cross sections at asymptotic 
energies should logically be 2/3. This startlingly simple conjecture, 
which is certainly not incompatible with the experimental situation, 
has prompted the development in some detail of what is now most 
usually called simply "the quark model". Its pragmatic philosophy 
has been aptly described by Lipld.n6 as a " 'broom and rug' model in 
which one uses a broom to sweep all aspects of the problem which one 
does not understand under a rug. 11 One then hopes to be able to 
calculate physically meaningful quantities from only the ideas which 
remain visible above the rug. Among these are a vague picture of 
quarks .with some undefined physical presence and '1J.'.arious postulates 
for explaining their behaviour. Two principal areas of enquiry have 
developed, dealing respectively with low-energy and high-energy quark 
'i 
phenomena. 
The former area of these two concerns itself with questions 
of how quarks are bound to form hadrons and how static gross 
properties of the hadrons can be related in terms of quark structure. 
The ques tion of "free quarks" is essentially swept under the rug, 
but it can be rationalized by the observation that the existence 
of particles having no free states (for example, particles obeying 
parastatistics laws) is certainly conceivable. Some success has 
been achieved in the derivation of mass splitting rules, electro-
magnetic decay widths, etc., although, as Lipld.n points out, most 
of these are obtainable from other assumptions and therefore are 
not definitive evidence for the quark model. Dalitz' s7 classification 
of pion-nucleon resonances on the basis of a quark shell model of 
hadron structure cannot be duplicated by any other hypothesis, however, 
and is impressively successful. In particular the resonant behaviour 
observed in the most recent phase shift analysis by Lovelace8 and 
his collaborators is quite well described. 
The second area of investigation, and the one with which the 
second half of this thesis will be concerned, is the quark model of 
high energy scattering. Its fundamental tenet is the assumption 
commonly called the additivity principle , stating that the scattering 
amplitude resulting from the collision of an n-component composite 
particle with an arbitrary target is the sum of amplitudes corresponding 
to each of then constituent particles. By way of introduction we 
shall give some examples of the results which can be obtained from 
additivity. The literature which has developed in this field is 
voluminous, however, and a comprehensive review of it will not be 
attempted. 
Following the recipe provided by additivity, we can write 
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dovm. immediately the amplitudes for elastic scattering of nucleons, 
antinucleons, and mesons by nucleons. With capital letters denoting 
particles and small letters denoting quarks, these are 
F = 10 F + 8 F (6.la) 
PP pp pn 
F = 8 F + 10 F (6.lb) 
PN pp pn 
F = 10 F + 8 F 
PP pp pn 
(6.lc) 
F = 8 F + 10 F 
PN pp pn 
(6.ld) 
F = 4- F + 2 F + 2 F + 4- F 1T+P -pp pn pp pn 
(6.2a) 
F = 2 F + 4 F + 4- F + 2 F 1T-P -pp pn PP pn 
(6.2b) 
F = 4- F + 2 F + 6 F K+P PP pn Xp 
(6.2c) 
F + = 2 F + 4- F + 6 F 
KN PP pn Xp 
(6.2d) 
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F = 6 F + 4- F + 2 F (6.2e) 
-KP A.p pp pn 
F = 6 F + 2 F + 4- F 
- -
(6.2f) 
KN A.p pp pn 
In writing these equations we have assume a isosymmetry for the quark-
quark amplitudes, which in turn leads to isosymmetry for the particle 
amplitudes. Among these ten expressions it is possible to find four 
independent linear relations by eliminating the six quark terms. We 
write these in the form 
F - F = F - F 
pp PN K+P K+N 
(6-3a) 
F - F = F - F (6.3b) 
pp PN KP KN 
F + F = 2 F + F 
PP PN 1/P 1f p 
(6.3c) 
F + F = 2 F + F • 
- rr-P rr+P pp PN 
(6.3d) 
Equation (6.3a) relates the differences of roughly equal quantitites, 
so that both. sides are near zero, and therefore agreement with 
experiment is quite satisfactory (Figure 6-1). The same is roughly 
true of (6.3b), although it should be noted that the two sides of 
the equation seem experimentally to be of opposite signs. Equations 
(6 .3c) and (6.3d) clearly correspond in the asymptotic (Pomeranchuk) 
limit to the 2/3 ratio mentioned above. A formidable problem arises, 
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however, in attempting to compare these results with experiment 
at finite energies. If the same energy is used for the meson-
nucleon amplitudes as for the baryon-nucleon ones, the data 
contradict both of these equations quite badly, as can be seen in 
Figure 6-1. But should the amplitudes be taken at the same energy, 
or should some allowance be made for the difference between meson 
and baryon? This question is clearly important for these equations; 
it is even more vital if the quantities being compared involve 
inelastic amplitudes, which vanish rapidly with energy. 
Kokkedee and Van Hove9 have suggested that the quarks should 
share equally in the kinetic energy of the hadron. The comparison 
should then be made at equal quark energies, which means that the 
meson laboratory momentum should be 2/3 of that of the baryon. 
This procedure does improve the situation noted above, but it has 
the side effect that it destroys the 2/3 ratio of total cross sections. 
This failing, which has been generally overlooked, results from the 
fact that the quark amplitudes must be taken proportional to the 
quark energy. If we write asymptotically 
F 
NN 
F 
qq 
,.. 
,.. 
F 
NN 
F 
1rN 
F 
qq 
,.. i CJ ,.. 
1T 
,.. i CJ ,.. q 
k , 
1+1r 
k 
_g 
1+1r 
where k is the laboratory frame momentum and k the corresponding q 
quark momentum, and use the prescription kq 
(mesons), then it follows from the relations 
= a = 1[ 6 a q 
k k) 
- - (- for baryons 
- 3 2 
(6.1) and (6.2) that 
This technique therefore leads to asymptotic equality of mesonic 
and baryonic cross sections. Other conjectures have been put 
forward to explain the failure of (6.3c) and (6.3d), involving, for 
example, the use of three-quark interactions in (6.1) and (6.2)10, 
or of only the non-annihilative parts of the nucleon-antinucleon 
11 
amplitudes • None of these explanations is entirely satisfactory, 
however, and it does not seem possible at present to resolve the 
problem unambiguously. We .shall not pursue it any farther; the 
remaining chapters of this thesis will deal almost exclusively with 
meson-nucleon reactions, and none of the calculations we attempt 
will require us to compare unlike types of amplitudes. 
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In fact the six equations (6.2) are degenerate, and consequently 
there exists a relation which involves only the meson-nucleon 
interactions. It is the antisymmetric sum rule of Barger and Rubin12, 
+ F 
KP 
- F 
KN 
= 0 
' 
sometimes called the weak Johnson-Treiman relation. Figure 6-1 
shows that it is in excellent agreement with the experimental data. 
This result is simultaneously the most fundamental and the most 
satisfactory of those obtained in the quark model, since in reality 
'i 
. 
. 
~
it requires additivity and quark structure for only the mesons. 
As such, it will be of particular interest to us in the next 
chapter, where multiple scattering corrections to it will be 
derived. 
]'or the moment, however, we shall use it in another sense, 
namely, the consideration of charge exchange reactions. Because 
of isosymmetry the relation (6.5) is equivalent to 
which follows also from using the quark isosymmetry relations 
f 
- -pp 7 nn 
f 
pn ~ np 
= f 
pn 
= f 
pp 
- f 
PP 
- f 
pn 
0 If we consider similarly the quark structure of the isosinglet ry 
meson, we find trivially that 
This relation has also been obtained from Regge theory with SU(3) 
symmetric vertices13. A convenient test of (6.6) and (6.8) is 
made possible by noting that to a good approximation FK+N 7 KoP 
is real while FK-P 7 KON is imaginary; this fact is predicted by 
Regge theory and confirmed by experimentll+-. Assuming thus that 
(6.6) 
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these two amplitudes are out of phase, we conclude that 
• 
Although the agreement seems to be deteriorating at higher energies, 
this equation is moderately well satisfied by the experimental data, 
as we show in Figure 6-2. 
The results we have given here a.re simple examples indicating 
the philosophy of the additive quark model. Much greater detail 
can be considered, and a host of authors have done so. We mention 
particularly the extension of these ideas to helicity amplitudes 
initiated by Itzykson and Jacob17 and subsequently pursued by Friar 
and Trefi118 and by Bia.3:as and collaborators19 ; and the application 
to production processes due to Satz20 • The journals are rife with 
reports of relations obtained from additivity, which meet with 
more or less experimental corroboration. 
Surely, however, it is most important here not to lose sight 
(6.9) 
of the basic physical premise on which this work is founded. What 
does the additivity assumption mean? In the language of nuclear 
physics the _answer is clear: it is essentially the impulse approx-
imation. It neglects entirely the correlations between the quarks. 
Once we accept the actual presence of bound .quarks, we can do much 
better than this crude approximation. The apparatus for considering 
scattering by a composite system was formulated in 1955 by Glauber21, 
and is well known in nuclear theory. Our purpose in the remainder 
of t~is thesis is to investigate some of the applications of the 
Glauber formalism to the quark model. 
In the next chapter we shall give a derivation of this 
formalism; for the moment we merely catalogue its general features 
to indicate the principal characteristics of the expected results. 
The Glauber model permits us to derive the scattering amplitude for 
the composite particle, including the "multiple scattering" 
corrections resulting from correlation effects, in terms of the 
amplitudes for the corresponding free particles. The leading 
contribution is essentially the sum of these single-scattering 
amplitudes, reproducing thereby the crux of the additivity assumption. 
The correction terms involve integrations over products of single 
scattering amplitudes, and are therefore non-additive. In the 
relevant case of diffractive scattering, it turns out that the 
contribution of each .order of multiple scattering is successively 
smaller in the forward direction, but less strongly peaked, than 
that of the preceding order. At sufficiently large momentum transfers, 
then, there will be interference between, for example, single and 
double scattering, resulting in the appearance of structure in the 
differential cross section. This characteristic behaviour is very 
well known in processes involving scattering off light nuclei such 
as deuterium or helium. 
The first use of these techniques in the quark model was by 
22 Deloff , who fitted a simple model to the meson-nucleon diffraction 
peaks. The non-additivity of the multiple scattering terms was 
pointed out and explored by Franco23, while Harrington and Pagnamenta24 
have attempted to use them to explain structure in the hadron-
nucleon differential cross sections. In general, however, the 
application of the Glauber formalism to the quark model has only 
just begun. 
In the following three chapters, then, we propose to consider 
the high energy scattering of hadrons from the viewpoint of the 
quark model with multiple scattering. In Chapter VII we introduce 
the Glauber model by means of its usual derivation and make two 
simple, and relatively successful, applications which require no 
knowledge of the variations with energy of the amplitudes involved. 
Chapter VIII studies in a simplified model the effects of Regge 
behaviour on the multiple scattering terms and presents the results 
obtained by fitting such forms to the experimental data on total 
cross sections. The fact that multiple scattering terms mimic 
Regge cuts leads us in Chapter IX to consider a more comprehensive 
application of these ideas, in a fonnalism replete with all spin 
complications, to pion-nucleon interactions. We are able to fit 
a large amount of scattering data, including the charge exchange 
polarization, reasonably well with a multiple scattering quark model. 
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CHAPTER VII 
The Quark Model in the Glauber Formalism 
A simple derivation of the Glauber multiple scattering 
formalism can be based upon the eikonal model we have described 
in the beginning of Chapter II. Its most well-known application 
in high energy physics is probably in the analysis of hadron-
deuteron interactions to obtain the hadron-neutron scattering 
cross-sections, and we shall present briefly the argument for this 
simplest case. We therefore consider the process pictured in 
Figure 7-1, in which an incident proton with momentum k scatters 
elastically from a deuteron composed of two nucleons. 
~ 0 ) 
INITIAL STATE FINAL STATE 
Figure .7-1. Elastic proton-deuteron scattering. 
For the moment we shall neglect spin and isospin effects. The 
eikonal approximation must be generalized somewhat, since the 
scattering centre no longer possesses the axial symmetry obtained 
in the simpler case of a single scatterer. Franco and Glauber1 
have shown that the appropriate expression for the scattering 
amplitude is 
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f(k,k 1 ) = ik j a2 b exp[i(k-k ').b] {e2i x(b)_ 1] 21T . 
where b is an impact parameter vector· perpendicular to the direction 
of the incident particle's momentum, and x(b) is the phase shift 
as sociated with that impact parameter. The relationship of x(b) to 
the interaction potential V(r) between the particles is the same as 
that already encountered in the simple eikonal model, namely 
where z is a vector parallel to the incident momentum k. If we 
assume that the potential v0(;.) describing the interaction between 
the proton and the deuteron is simply the sum of the effective two-
body nucleon potentials VN(r-r'), we have 
where the integration over the modulus-square of the deuteron wave 
function ip0(r', ;. 11 ) is performed to take account of the nucleon 
density distribution in the obvious way. The form assumed by (7.3) 
clearly suggests, although it does not directly imply, that we should 
write 
= (fl 
where (fl and Ii) denote the initial and final deuteron bound-state 
wave functions, which we shall hereafter take to be the same since we 
(7.1) 
(7.2) 
(7.3) 
wish to consider elastic scattering. The function xtotal(b,r) is 
defined by 
with 
00 
xN(b) = ... ~k J d; vib + z) • 
-co 
Now it is easily seen that if we define 
and 
then we obtain the algebraic relation 
Then if we write the deuteron scattering amplitude as 
(--) ik12- iq.b<I <-->I> fD k,q = 2w d~ e D rD b,r D 
where q = k - k' is the momentum transfer and ID) is the deuteron 
state, we have 
(7. 5) 
(7.6) 
(7.7a) 
(7.7b) 
(7.9) 
fD(k,q) = ;~ J d2t iq.b (Dl[rN(b+r/2) + rib-~/2)-rN(b+i/2)rN(b-r/2)]ID). 
(7.10) 
For the first two terms in (7.10) we have by simply changing variables 
'i 
(7.11) 
The latter term of (7.11) is clearly to be identified with the single 
scattering amplitude for the nucleon-nucleon system, 
. 
' 
the former term is just the deuteron elastic form factor, 
The last term of (7.10) can also be expressed in terms of the single 
scattering amplitude and the deuteron form factor by making use of 
(7.12) 
(7.13) 
the Fourier-integral representation of the two-dimensional Dirac delta 
function 
o(q) = J d2£ .;;...i_q._b 
21T 
(7 .14-) 
yielding the result 
(7.15) 
Ve therefore finally obtain 
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This equation, which forms the basis for the calculations which we 
shall present, is familiar in lower energy nuclear physics where it 
2 has been used frequently with considerable success • It should be 
(7.16) 
pointed out here that although the validity of the original derivation 
of (7.1) is limited to near-forward scattering, equation (7.16) has 
been able to describe successfully scattering in very light nuclei at 
momentum transfers much larger than might have been expected. 
In order to evaluate simply the essential results of the G-lauber 
model embodied in equation (7.16), we shall now make two simplifying 
assumptions. First, we assume that the scattering amplitudes fN(k,q) 
are effectively exponential in the square of the momentwn transfer, 
= 
2 
f e-yq 
N 
This form is generally correct in most simple scattering processes 
at suffici~ntly high energies and small momentum transfer. Secondly , 
we shall assume that the form factor SD(q) is effectively unity in 
the region of interest. This assumption is strictly tenable only in 
the extreme forward direction. In f act in the case of nucleon-deuteron 
scat t ering it is lmown that t he variation of the deuteron form factor 
is responsible f or a substantial part of the angular variations of the 
differential cross-section, even in the diffraction region. Our 
considerations will not apply to the deuteron, however; we shall 
instead decompose either nucleons, or mesons into their constituent 
quarks. The present understanding of the form factors of hadrons 
on the basis of the quark model is far from complete, and the 
experimental work on meson form factors is often meagre. It is 
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true, however, that the form factors of the hadrons seem to decrease 
less rapidly than that of the deuteron, corresponding to the expect-
ation that the quarks forming the hadrons are tightly bound. Further-
more, it often seems in nuclear scattering that the results are rather 
insensitive to the form factor. This result is not surprising when we 
consider that if we make the exponential approximation in the double 
scattering term, the main contribution to the scattering amplitude 
-
must come from momentum transfers for which both 11 + q'l and lj - q~l 
are small, i.e. in which lq'l is small. This insensitivity is 
particularly significant in our applications to the quark model 
because the single scattering amplitudes, which would involve free 
quarks, are not known. As an example we consider the possibility that 
th f f t . 1 t'al . 2 e orm ac or is a so exponen i in q. A trivial calculation 
shows that the difference between the definitions 
= 
and 
= 
2 
~q f 8 
' 
' 
= 1 
2 
S (.9.) = e-pq /~ 
D 2 
comes only from the double scattering terms, and that these terms are 
in the ratio 
·I 
I 
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y 
y + /3/4 
2 
ef3q /8 
• 
Since we expect that /3 << y if the quarks are tightly bound, we see 
that for reasonably small momentum transfers the difference should 
be quite small. In all the applications we shall consider only small 
momentum transfers are involved, so it is reasonable to hope that the 
effect of this assumption will not be severe3. 
Making these two assumptions, then, we find from (7.16) 
= 
2 
2 f e-yq 
N 
"f 2 
i N 
+ - 2k'Y 
- X: g2 
2 
e • 
This relation serves as prototype for all the multiple scattering 
processes we shall consider. It is easily extended to more general 
circumstances; for example, spin and isospin can be included quite 
natur~lly, as we shall presently show. If the scattering in question 
is that of a k-particle composite system by an e-particle one, the 
(7.17) 
algebraic result analogous to (7.8) is similarly obtained, and contains 
~! 4 terms describing n-tuple scattering. The possibility of 
n! ke-n ! 
two different types of scattering process being involved in the 
multiple scattering (which is the case in the deuteron, of course) is 
also easily considered. The double-scattering integral can be 
performed even if the slopes of the two diffraction peaks are diff~rent, 
since 
-y cs + p)2-y <~ ~ ;)2 
)
. 2- 1 2 2 2 r 
d p e = • (7.18) 
This result can in fact be extended to n-tuple scattering, since 
it is quickly proved by induction that the relevant form is 
n 2 
-z y.p. 1 
2 n i =l 1 1 (21r t-d p o(q- E p. )e = _ __.. ............ __ _ 
n . 1 1 n n 1 1
= ( n y.)( z y~) 
·1 1 ·1 1 J.= 1= 
• 2 j d ii1 ••• e 
n 
z 
i=l 
1 
-1 y. 
l 
2 q 
(7.19) 
For the moment, however, we shall postpone any major extensions of 
the model and examine two simple applications of the formalism already 
developed. In the first of these applications we shall show that the 
relation which seems in the simple additive quark model to be outstand-
ingly in agreement with the experimental data is not substantially 
altered by the inclusion of multiple scattering effects; then we shall 
present an investigation of processes which involve double charge or 
hypercharge exchange and therefore require double scattering terms in 
the quark model. 
Of the various predictions obtained in the independent quark model, 
the most nearly ubiquitous is the antisymmetric sum rul~ among meson-
nucleon elastic scattering amplitudes 
- F 
1Cp 
= 0 
which was first found by Barger and Rubin5• The ease with which this 
result is obtained follows from the fact that it depends on only the 
two most basic assumptions of the model, namely, quark structure for 
the mesons and the additivity of the quark-nucleon amplitudes. Since 
(7.20) 
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the multiple scattering effects are clearly non-additive, we wish 
to investigate whether they can significantly alter the excellent 
agreement of (7.20) with the meson-nucleon total cross section data. 
We shall find that within reasonable approximations it is possible 
to derive the correction terms, and that the amount by which they 
remove the right-hand side of (7.20) from zero is quite small as 
a result of cancellations among the various terms. 
We begin by assuming that the meson-nucleon scattering amplitude 
can be written as in (7.9), 
FMN (k,q) = i2· k1r j d2b- eiq. b r (k- -) MN 'b (7.21) 
F~1N and r"MN are now taken to be matrices in the isospace of the meson-
nucleon system. We neglect complications due to spin, since we shall 
only consider forward scattering. Resolving the meson into its 
component quark and antiquark, we write analogously to (7.8) 
(7.22) 
where the anticommutator {A,BJ = AB + BA has been taken to symmetrize 
+ 
the double -scattering term. The nucleon could also be considered in 
terms of its quark structure, of course, but we shall not find it 
necessary to do so. 
The most general form of the function r describing the inter-qN 
action between a nucleon and an isodoublet quark is conveniently 
written in terms of two scalar functions A and Bas 
f r 
where Tq and TH are the isospin operators for the quark and the 
nucleon respectively. For the isosinglet A quark there is only 
one function, which we define as 
rN{ (k,b) = C (k,b) • 
We define similarly functions A(k,b), B(k,b), and C(k,b) describing 
nucleon-antiquark interactions. Using these definitions in (7.22) 
we easily find the following results: 
r (k,b) = (rr-lA - B + A - B - AA+ AB + BA - BBlrr-) 1T -p 
r (ic,£") = (K+IA + B + C - AC - BCIK+) K+P 
r (ic, fi) = (K+IA - B + C - AC+ BCIK+) K+N 
r _ (ic,fi) = (K-ic +A+ B - CA - CBIK-) KN 
r (ic,£") = (K-lc + A - B - CA+ cBIK-) K-P 
-
-
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(7.23) 
(7.25a) 
(7.25b) 
(7.25c) 
(7.25d) 
(7.25e) 
(7.25f) 
where the argwnent of A, B, C is (b +~),and of A, B, C is (b - ~). 
We now proceed as described above and define 11 effective quark-
nucleon scattering amplitudes" by 
(7.26) 
and similarly for B, C, A, B, and C, and assume that these amplitudes 
are effectively exponential, 
2 
fA (k,q) = A e-yq (7.27a) 
- 2 
f (k,q) - -yq = A e 
' 
(7.27b) A 
etc. Then on tald.ng the meson form factors to be essentially unity 
we find the followi ng expressions for the forward scattering amplitudes 
including multiple scattering effects: 
F (k, 0) 
1T+P 
- - (A + B) (A + B) = A+A+B+B---------
2ik (y + y) (7.28a) 
- - (A - B) (A - B) 
= A + A - B - B - -----------
2ik (y + y) 
F _ (k,O) 
1T p (7 .28b) 
- (A+ B) C 
= A + B + C - ---------
2ik (y + y) (7.28c) 
F (k,O) 
K+N = 
A - B + C - (A - B) c 
2ik (y + y) (7.28d) 
F _ (k,O) = C +A+ B - C (A+ B) 
KN 2ik .(y + y) (7.28e) 
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F - (k,O) = C + A - B - C (A - B) 
K P 2ik· (y + ; ) 
If we now define 
GMN (k) i = l+---- FMN (k,O) 
2k(y + y) 
then equations (7.28) imply that 
= G (k) G (k) G _ (k) 
rr-P K+P KN 
• 
After some algebra we can write this equation, suppressing the 
arguments of the amplitudes, in the following form: 
F + F + F - F - F - F = i (S + T) 
rr+P K+N K-P rr-P K+P K-N 
s = 
The equality (7.30) predicted by the quark model with multiple 
scattering therefore relates the sum of amplitudes appearing in the 
antisymmetric sum rule to the correction terms Sand T. In order to 
obtain a simple estimate of the magnitudes of these corrections we 
(7.28f) 
(7.29) 
(7.30) 
(7.31) 
(7.32a) 
(7.32b) 
now assume that all amplitudes are purely imaginary and use the 
optical theorem 
aMN (k) = ~1T Im FMJI (k,O) 
to express (7.30), (7.31), and (7.32) in terms of the meson-nucleon 
total cross sections aMJI. We obtain from (7.30) 
a a a (1 + ( K+N ) ( KP) 1T p 1 (y + y) (y + y) 1 = 81r 81r 81r (y + y) 
1 - 7T p 1 - K p 1 ( 
a_ ' ( a+ . . 
81r (y + y)) 81r (y + y)) ( 
and from (7.31) and (7.32) 
a + a + a - a - a - a 
rr+P K+N K-P 1r P K+P K-N 
(S) (T) 
= a + a 
• 
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(7.33) 
(7.34) 
(7.35) 
(7.36a) 
(7.36b) 
We naturally expect the values of y and y to be about the same as those 
of the slopes of the meson-nucleon diff raction peaks, so we choose 
. . 
. 
. . 
_..aiillllla 
~ ,  G e V / c  
6 . 0  
8 . 0  1 0 . 0  
1 2 . 0  1 4 . 0  1 6 . 0  
1 8 . 0  
L . H . S .  o f  ( 7 . 3 4 - )  
. 4 - 1 0  ±  . 0 0 6  . 4 - 1 9  ±  _. 0 0 5  . 4 - 2 9  ±  . 0 0 5  . 4 - 3 8  ±  . 0 0 6  . 4 - 4 - 3  ±  . 0 0 6  . 4 - 4 - 6  ±  . 0 0 7  . 4 - 4 - 8  ±  . 0 0 9  
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0 . 3  ±  0 . 7  
1 . 8  ±  o . 6  0 . 4 - ±  o . 6  
o . o  ±  o . 6  o . o  ±  o . 6  
- 0 . 3  ±  0 . 9  - 0 . 3  ±  1 . 5  
/ S ) ,  m b  
0 . 4 -
1 . 0  
0 . 3  
0 . 0 9  0 . 0 7  
- 0 . 0 2  - 0 . 0 6  
a ( T ) ,  m b  
0 . 0 8  
0 . 1  
0 . 0 4 -
0 . 0 2  0 . 0 1  
0 . 0 0 3  
0 . 0 0 4 -
T a b l e  7 - 1  
~ 
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a ( s ) ,  m b  
0 . 4 -
1 . 0  
0 . 3  
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a ( T )  m b  
,  
0 . 0 8  0 . 1  
0 . 0 4  
0 . 0 2  
0 . 0 1  
0 . 0 0 3  
0 . 0 0 4  
T a b l e  7 - 1  
~ 
j - J  
(y + y) = 3.5 mb as a reasonable value. Then we obtain the values 
shown in Table 7-1 for the comparison of the two sides of (7.34), 
the values of the antisymmetric sum on the left-hand side of (7.35), 
and the correction terms a (S) and a(T), calculated from the total 
cross section data of Galbraith et al.
6
• We see that (7.34) is in 
excellent agreement with the experimental results. It is correspond-
ingly noteworthy also that the values obtained for the left-hand 
side of (7.35), although smaller generally than the observed errors, 
tend to agree well with the values of a(s) and a(T). The values of 
a(S) ar~ quite small, and those of a(T) are completely negligible; 
this smallness is due to cancellations among the terms in (7.36a) 
and in (7.36b). A typical t~rm in the equation f or a(S) is of the 
order of 5 rob, however, and is certainly not a negligible correction 
term; similarly the two terms in a(T) are about 1 mb each. The 
good agreement of (7.20) with experiment, therefore, is the result of 
the near-cancellation, rather than of the actual negli gibility, of 
the multiple~scattering effects. v{e note further that, although the 
assumption that only two slopes, y and y, are involved is necessary 
for the exact derivation of (7.34), the general features of the 
calculation are independent of any precise knowledge of the slopes of 
the diffraction peaks or the quark structure of the nucleon. 
As a second simple application we now consider the inelastic 
processes requiring double scattering in the quark model. The very 
small cross-sections observed for inelastic two-body processes which 
- + -
require double charge exchange, such as rr E ~ K Z, or double 
strangeness exchange, such as K-P 7 K0S°,are explained quite 
naturally by the additive quark model. The intuitively expected 
suppression of reactions requiring I= 2 or S = 2 meson states in 
the t channel corresponds simply to the fact that such states 
133 
cannot be fonned in quark-quark or quark-antiquark interactions. 
That these cross-sections are not identically zero is a measure of 
the failure of the additivity assumption, since they can proceed 
only by means of double inelastic scattering terms which are 
inherently non-additive. These terms can be calculated under the 
assumptions we have used above, however, and it seems a natural test 
of the idea of multiple scattering in the quark model to do so. 
We shall consider in detail the process K-P "7 w+z-. Other 
reactions of this type, in particular K-P -i> K+S-, K-P -i> K0 S0 , 
- + -
- -+ - - -o 0 w P -i> K Z, and the antibaryon reactions PP -i> i Z, PP "7 3 3, and 
P-p "7 ~+,;;,-
....... ' can then be studied by a simple generalization of the 
results we obtain for the first reaction. Again neglecting spin 
complications, we begin as before by writing the scattering amplitude 
in the form 
F _ + _(k,q) 
K P "7 .w Z 
= ~1 d~ 2w iq.b e 
but now we decompose both meson and nucleon into their respective 
quark structures. The collision matrix for the meson-nucleon system 
is then represented by a sum of terms corresponding to single, 
double, ••• sextuple scattering of the meson quark and antiquark by 
the three quarks of the nucleon. A straightforward application of the 
11, 11 
I 1 
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Glauber formalism yields the following form for the double scattering 
amplitude, which is the leading term for the double charge exchange 
amplitude: 
with the form factors 
j. 3- (-) ip.s * (-s) = d s 9K_ s e ~w+ 
T 
Pl; 
(p, g_) 
where ~M(s) is the bound state spatial wave function of the meson M 
-with quark and antiquark located at! and - i respectively, and 
~B(r1,;2,r3) is the symmetric bound state spatial wave function of 
the baryon B. The functions f (k,q) and f (k,q) are PP -,), nn p,\ --)> 1..p effective inelastic quark scattering amplitudes for the quark 
processes indicated. 
To evaluate this expression we now make again the assumptions 
made previously, that the form factors can be set equal to unity and 
that the quark scattering amplitudes are exponentials in q2• The 
(7.37) 
former assumption now implies, in addition to "tight binding", 
that we neglect the differences in the hadron wave functions which 
must result from the mass splitting. We write the four inelastic 
quark scattering amplitudes in the following exponential form: 
f_ - (k,g_) 
PP...,. nn 
f (k,g_) 
p11....,. 11.p 
f_ - (k,q) 
PP 7 M 
f (k, g_) 
pn..,. np 
k 
= -:r; 
k 
= -Irr 
k 
= Vrr 
- a 2 
1 - 2 q 
A2 e 
b 2 
1 - - q 
B2 e 2 
C 2 
1 - - q 
c2 e 2 
d 2 
1 - - g 
= ~ D2 e 2 
-Irr 
(7.38a) 
(7 .38c) 
(7 .38d) 
The inelastic quark reactions described by (7.38a) - (7.38d) are 
individually responsible for other scattering processes; for example, 
if we keep only the leading single scattering terms we can write 
f (k,q) = F (k, g_) 
- - K-P '7 K.0 N PP 7 nn 
(7 .39a) 
f (k,g_) = F (k,q) 
pll."711.p K-P '7 1T -t:t· (7.39b) 
f - (k, g_) = F + + +(k,q) 
PP...,. M 1TP'?Kt:: 
(7 .39c) 
I' 
136 
f (k, q) 0 
pn ~ np 
The coefficients A, B, C, D and a, b, c, dare thus determined from 
the differential cross sections of the single exchange processes. 
Specifically, from equations (7.39) we have 
da (K-P ~ 1r-~+) 
dt 
da (1r+P ~ K+~+) 
dt 
da (K+N ~ K0 P) dt 
2 
= A e-aq 
2 
B -bq = e 
2 
C -cq = e 
2 
D -dq = e 
(7.39d) 
(7.4-oa) I 
(7.4-0b) 
(7.40c) 
(7 .40d) 
It should be noted, of course, that differential cross sections of 
charge and hypercharge exchange processes are not exactly exponentials; 
in addition to the non-diffractive large angle reg1on, there are in 
some cases dips in the forward direction. In general, however, the 
approximate forms above are sufficiently accurate for our purposes. 
Inserting (7.38a) and (7.38b) into (7.37), then, we find 
(7.41) 
which yields immediately 
. . 
...... 
1 
1[ 
AB 
2 (a+b) 
e 
1 
- 1/a+l/b 
2 q 
The differential cross section for the double charge exchange is 
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(7.42) 
thus completely determined, with no free parameters, by the diffraction 
peaks of the single exchange processes involved. Equations analogous 
to (7.42) can be written down immediately for the other double exchange 
processes listed above by substituting appropriately the parameters 
of the other quark reactions. For the other meson-induced reactions 
we obtain 
1 
1T 
CD 
2 (c+d) 
1 BC 
- 1T (b+c)2 
1 
- 1/c+l/d 
e 
2 q 
e 
1 2 
- 1/b+l/c q (7 .43) 
(7 .44) 
for the differential cross sections of the double exchange processes. 
The procedure for the antiproton reactions is identical except that 
we shall determine the necessary coefficients by using single-exchange 
antiproton processes, thereby avoiding the necessity of choosing the 
appropriate energy for comparison of meson-baryon and antibaryon-baryon 
amplitudes . We therefore use in place of (7~39a) and (7.39c) 
a~ 2 
f_ - (k,q) 
pp "? nn 
k 1.. -2g 
= F_ _ (k,q) = ../1r A' 2 e 
PP"? NN (7 .39e) 
and 
I I 
I 
- . 
--
I 
(- -) (- -) k f_ _ k,q = F k,q = 7;, 
pp "? M PP"? E-.E+ rr 
in terms of which 
2 d.a (PP"? NN) A' -a'q = e dt 
and 
d.a -c'q 
dt (PP"? Z-.E+) = C' e 
c' 2 
-, - --q 
c,2 e 2 
2 
We find then that 
l 2 
l A 'C I - l/a1+1/ C 1 q da (PP"? E+.E-) dt = 2 e TT (a'+c') 
and 
C'2 
c'. 2 
~ (PP"? 3+3-) da (PP"? s0 :::0 ) l - r q 
= dt - - e dt 1f 4c' 2 
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(7.39£) 
(7. 40e ) 
(7 .4of ) 
(7.45) 
• (7 .46) 
There are several salient features which equations (7.~) - (7.46) 
have in common. In particular we noti ce that since the ratio of the 
forward differential cross aection to the square of' the slope of the 
diffraction peak is small for inelastic processes, the double charge 
or hypercharge exchange cross sections are predicted to be quite small. 
If a sufficient number of events is collected to permit a study of the 
angular yariations, the diffraction peak resulting from the double 
scattering process is expected to be considerably flatter than that 
from single stiattering, the ratio of slopes being approximately i• 
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It is possible, furthermore, .to estimate the variation with 
energy of the double exchange processes if' the behaviour of the 
single exchange processes is known. Morrison7 has classified 
inelastic two-body processes by writing for the total reaction cross-
-n section a~ K s , with n = 1.6 and n = 2.0 for those reactions 
corresponding respectively to non-strange and strange me~on exchange. 
By integrating the differential cross sections we have obtained we 
find immediately a~ K s-3•6 for the reactions producing 
d t S l I 2 h d ~ ~ K s-4 .o for correspon o = , = exc ange, an v ·-
Z' s, which 
those 
producing 3 1 s, equivalent to S = 2 meson exchange. Furthers 
dependence may arise as a result of variation of the slope of the 
diffraction peak; assumption of Regge behaviour, for example, leads 
to a factor (ln s)-l in this way. 
We notice also the equality of the amplitudes for the production 
of 3° and 3- in (7.43) and (7.46), which results from the assumption 
of isosyrrunetry in the quark processes pp, Mand nn..,. M. This result 
corresponds to the dominance of I= 1 in the direct channel. Altern-
atively it can be expressed in tenns of the crossed channel, implying 
the equality of the amplitudes for exchange of mesons with S = 2, I= l 
and S = 2, I= O. 
We shall now present a very rough compar:ison of the experimental 
data with the predictions made above. The data on the double exchange 
processes generally consist of only a few events, and.the errors on 
the single exchange cross sections are often quite large; consequently 
we shall not attempt to estimate the errors on the values we calculate. 
We wish also to point out that in most cases we are limited by the 
availability of data to rather low energies, where it is not clear 
that our model should be valid. The approximation that the diffraction 
peaks are exponential is less reliable at low energies. In the 
mesonic reactions, furthermore, the dominant mechanism seems to be 
baryon exchange, which cannot be considered in our formalism8• The 
peak from baryon exchange is in the backward direction, however, so 
we may hope to separate the two effects. 
Beginning with equation (7.42), we estimate from data9 at 2.24 
GeV/c laboratory momentum 
• 
Although the energy is quite low, the data for these reactions seem 
to agree quite well with the exponential approximation. Using these 
constants in (7.42), we obtain 
da 
dt 
(7.47a) 
(7.47b) 
(7.47c) 
In this case it is possible to separate clearly the forward double 
charge exchange reactions from the backward peak corresponding to 
baryon exchange. The prediction (7.47c) agrees with the experimental 
data quite well, as is shown in Figure 7-2. The differential cross 
section has a value of - 19 µb/GeV 2 in the near-forward direction and 
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da ( - + -) for dt K P ~ rr l; • The data are taken 
from reference 9 with one event set equal 
2' to (1.17 ! 0.17) µb/GeV; the straight 
line is our predicted value~ 
. . 
.... ........ 
decreases slowly with increasing momentum transfer. At a somewhat 
higher energy, the datalO,ll indicate that at 3.5 GeV/c 
2 do (K-P 7 K0 N) 800 e-3 •3q µb/GeV2 dt :::; (7 .48a) I 
2 ~ (K-P 7 11-E+) ,.., 280 e-l. 7q µb/GeV2 dt ,.., (7 .48b) 
yielding 
2 EE: (K-P ~ 11+E-) ,.., 7.0 e-l. 7q µb/Gev2 dt ,.., • (7.48c) 
The very sparse data on the double charge exchange at this energy show 
no events in the forward hemisphere, where the above estimate predicts 
about four. 
Turning next to equation (7.43), we use data12 at 2.3 GeV/c 
laboratory momentum to estimate that 
• 
Combining this figure with (7.47b) we find 
whereas the data show a forward differential cross section of about 
6 µb/GeV2 and a large backward peak. Going to a higher energy13, we 
estimate that at 3.23 GeV/c 
(7.49a) 
(7 .49b) 
(7 .5oa) 
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and using (7.48b) we obtain 
(7 .50b) 
at laboratory momenta around 3.4 GeV/c. Again the experimental data 
are very scant, showing five events in the forward hemisphere; from 
(7.50b) we would expect one or t~o. 
Comparison of (7.44) with experiment requires data for 
da (K+N~ K0P), which are only availablel.4- at the low energy of 2.3 dt 
GeV/c and are not very well on an exponential; a rough estimate of 
can be combined with (7.49a) to yield 
• 
The data on this process are dominated by a strong backward peak, 
but in the near-forward direction the differential cross section is 
(6.0 .:!: 4.0) µb/GeV2, compatible with (7 .51b) although somewhat low .• 
(7.51a) 
(7.51b) 
We consider next the antiproton processes; which provide a better 
test of the model because there is no possibility of baryon exchange 
as a competing mechanism for the reactions. Beginning with (7.45), 
we estimate from data15, 16 in the momentum range 3.0 - 3.6 GeV/c that 
da dt (PP~ NN) 2 8000 e-5 .lq µb/GeV2 (7.52a) 
and 
. . 
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(7 .52b) 
from which we predict that 
• (7.52c) 
This result also compares excellently with the experimental data. 
In Figure 7-3 we have plotted the measured cross sections with (7.52c) 
shifted so that q2 = 0 corresponds to the minimal momentum transfer, 
which is non-zero because of the P-E mass difference. At a higher 
energy we estimate from datal?,lB at 7.0 GeV/c laboratory momentum 
that 
~ (PP~ NN) 
from which we obtain 
Two events of this type were seen, corresponding to a total reaction 
cross section of aR = (3 1 2) µb; by integrating (7.53c) we would 
estimate aR = 0.41 µb. 
(7.53a) 
(7.53b) 
(7.53c) 
Finally, for equation (7.46) we use (7.52b) to estimate that for 
laboratory momenta (3.0 - 3.6) GeV/c 
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yielding a total reaction cross section of less than 0.1 µb. At 
3.0 GeV/c, two events of this type were seen in the experiment of 
reference 15, corresponding to a cross section of (2 ± 1) µb; no 
events were seen at 3.6 GeV/c. Further data19 at 3.7 GeV/c give 
a very similar estimate for~~ (PP~ E-z+) and assign a reaction 
cross section for the double hypercharge exchange of 2 µb on the 
basis of three events. The prediction of equation (7.54) therefore 
seems to be an order of magnitude smaller than the experimental 
result. We note that such a discrepancy can be explained by the 
existence of a heavy boson resonance of mass 2.5 - 3.0 GeV. The 
good agreement of equation (7.45) with experimental data at the 
same energy indicates that this resonance must couple much more 
-+ - -+ -weakly to Z Z than to 3 3. 
At 7 GeV/c, we predict from (7.53a) a miniscule differential 
cross section for this process 
• 
In agreement with this result is the fact that the reaction was not 
seen in the data of reference 17. 
(7.55) 
We conclude therefore on the basis of these two simple applications 
that the calculation of scattering amplitudes by means of the quark 
model with multiple scattering seems to lead to results that are 
M7 
generally quite good. The elastic meson-nucleon scattering amplitudes 
are connected by a non-linear equation which can be related to the 
antisymmetric sum rule and is in excellent agreement with the experi-
mental results. Application of the multiple scattering formalism to 
the description of double charge of hypercharge exchange leads to 
results that are in most cases, within the large errors, in good 
qualitative agreement with the experimental data. 
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CHAPTER VIII 
Multiple Scattering a...nd Regge Theor:y 
We have shown in the preceding chapter that if the six 
meson-nucleon elastic amplitudes whi ch are commonly measured are 
expressed in terms of six quark-nucleon amplitudes, a relation 
between them exists even with the inclusion of multiple scattering 
effects. It is therefore impossible to invert the equations and 
solve explicitly for the quark-nucleon amplitudes. Consequently po 
direct calculation of the magnitude of the multiple scattering 
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terms can be obtained. If the behaviour with energy of the single 
scattering amplitude is known, however, we may estimate the 
importance of the various terms by parametrizing the total amplitude 
and fitting it to the data at several energies. The logical 
assumption for the energy dependence of the single scattering 
amplitude is . that corresponding to a Regge pole. To begin this 
chapter, then, we must investigate the effects on the multiple 
scattering terms which result from the Regge behaviour of the single 
scattering. The results obtained by fitting a simple spin-
independent Regge model to the experimental total cross sections 
will then be presented. 
CHAPTER VIII 
Multiple Scattering a..nd Regge Theo:r:y 
We have shown in the preceding chapter that if the six 
meson-nucleon elastic amplitudes which are commonly measured are 
expressed in terms of six quark-nucleon amplitudes, a relation 
between them exists even with the inclusion of multiple scattering 
effects. It is therefore impossible to invert the equations and 
solve explicitly for the quark-nucleon amplitudes. Consequently ~o 
direct calculation of the magnitude of the multiple scattering 
terms can be obtained. If the behaviour with energy of the single 
scattering amplitude is known, however, we may estimate the 
importance of the various terms by parametrizing the total amplitude 
and fitting it to the data at several energies. The logical 
assumption for the energy dependence of the single scattering 
amplitude is that corresponding to a Regge pole. To begin this 
chapter, then, we must investigate the effects on the multiple 
scattering terms which result from the Regge behaviour of the single 
scattering. The results obtained by fitting a simple spin-
independent Regge model to the experimental total cross sections 
will then be presented. 
Since an integration over momentwn transfer is involved in 
the multiple scattering terms, it is necessary to employ a 
simplified version of the Regge pole amplitude. The traditional 
form, used by Phillips and Rarita1 among many others, is 
F(s,t) = (2a(t)+l) fi(t) (1 + re- i1ra(t)) 
sin 1ra(t) s 
a(t) 
where· p(t) is the residue function, a{t) the pole's trajectory, 
T the signature, and sand t have t heir usual meanings. The 
extraneous factors in (8.1) clearly prohibit the exact integration 
overt of this amplitude in any but pathological cases. We 
therefore adopt a much simpler form which contains nonetheless 
all of the essential features of (8 .1) by writing 
a ( t) 
F;(s, t) = - C (i:
0
) + for T = + 1 + 
a (t) 
F;(s, t) = i c_ (i:~) - for T = - 1 • 
It is simply a result of analyticity plus crossing symmetry that 
the dependence on (s/i) in equations (8.2) correctly reproduces 
the phase of the Regge amplitude given, in (8.1), by the signature 
facJl,·or (1 + re-irra(t)). 2 Th t t d h e cons ans c+ an s0 are c osen so 
that they reproduce the t-dependence of the residue function; 
that is, we assume that it is possible to write approximately, 
for r = + 1, 
(8.1) 
(8.2a) 
(8. 2b) 
cos c1ra~tL) 
- a (t) 
2(2a(t)+l) {3(t) (so) + (1ra(t)) = - C sin + 
and for r = - 1, similarly, 
sin (1ra(t~) a_( t) 
2(2a(t)+l) {3(t) 2 (so) (1ra(t)) = - C sin 
The exponential t-dependence in the residue function often invoked 
in order to fit the experimental diffraction peaks is thus pictured 
as representing an incorrect normalization of the energy. A trivial 
calculation shows that the value of s0 necessary for compatibility 
with typical high-energy data is between 0 .001 GeV2 and 0.1 GeV2, 
depending on the slope of the Regge trajectory. 
As a simple example in which the essential results following 
from the definitions (8.2) can easily be seen we consider the same 
scattering process pictured in the introduction of the Glauber model 
in the preceding chapter. The kinematic quantities defined there 
are related to the invariant variables by 
s = Ivr2 + m2 + 21VI p 
t = 2M(M -P) . 
' 
the final momentwn k 1 of the incident particle is determined by 
2 
+ m 
- M 
(8 • .3a) 
(8 • .3b) 
(8.4-) 
(8.5) 
(8.6) 
. ~ -
The relation between t and 2 in (8.5) is easily inverted to give q 
2 
- t (1 - t2) q = . 
~ 
In these equations we have denoted the mass of the incident particle 
by m, and that of the target by M. The principal features of the 
Glauber formalism are insensitive to the frame in which it is 
derived, and therefore to the choice of which of these is to 
represent the composite particle. A pert inent question is whether 
the mass of the co~posite particle itself or that of the component 
particle involved should be used; since we do not know the quark 
mass, we shall naturally use the mass of the physical particle. 
In fact we shall soon see that, at least at asymptotic energies, 
where s ~ 2Mk, this choice is quite free. 
To be definite we assume that the Regge pole involved is the 
Pomeranchuk, with positive signature and a(O) = 1. The required 
2 
exponential dependence on q is obtained by writing 
(8.7) 
a(t) = 2 1 - pq = 1 + pt(l - _i_) 
~2 
(8.8) 
The scattering-amplitude can now be written down by making in (7.17) 
the substitution 
that is, 
2 
f e~q 
N = ' (8.9) 
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= 
yielding 
= 
c(-:L) 
J.S 
0 
2 
2C(~)1-,Bq 
J.S 
0 
' 
y 
+ 
= 
2kf3 ln(-:-L) 
J.S 
0 
' 
2-§.l 
(~) 2 
J.S 
0 
We notice at once that the double scattering term has the 
s-dependence which typifies a Regge cut. It is in fact a well 
known general result that the iteration of a Regge pole term, 
whether as a multiple scattering integral or in some other guise, 
leads to the apperance of terms having this b ehaviour. This 
point was made as long ago as 1962 by Amati, Stanghellini, and 
Fubini3 in considering the multiperipheral model of high energy 
scattering. It was subsequently shown i n a t reat ment of Feynman 
diagram singularity structure by Mandelsta.m 4, however, that the 
cut they found was cancelled by other terms, and that only non-
planar diagrams could lead to Regge cuts. Such diagrams appear 
only if the structure of both particles involved in the scattering 
process is considered. This result is therefore difficult to 
reconcile with the Glauber formalism, which produces a cut regard-
less of the structure of the non-composite particle. The contrast, 
even in language, between the physical assumptions of Glauber theory 
and the ponderous mathematical apparatus of diagrammati .c techni ques 
is a formidable one; and the resolution of the problems involved is 
(8.10) 
far from apparent5• · The viewpoint we shall adopt is a phenomenological 
one; we regard the Glauber formalism as a tool supplying an 
eminently reasonable parametrization of the scattering amplitude. 
As such, it can be used independently of whether the actual form 
of the cut term is ultimately vindicated or not. 
It is sufficient for our examination of the essential 
features of the amplitude (8.10) to study its asymptotic form, 
using the high energy approximation s ~ 2Mk. Then (8.10) becomes 
"' 
"' 
2 
2C ( ~ )l- [jg_ 
J.S 
0 
c~ +-----[js ln(1s) 0 so 
1-fil 
<i:) 2 
0 
We examine first the total cross section, which is obtained by 
using the optical theorem. Assuming for the moment that s >> s, 0 
so that ln(~) is essentially real, we have 
J.S 
0 
1 
filn(~) 
s 
0 
The multiple scattering contribution is inLmediately seen to be 
subtractive, implying that the total cross section increases to 
a constant value. The opposite situation is observed in experi-
mental hadronic total cross sections. If several trajectories 
are involved, however, the increasing behaviour. may be hidden. 
More simply, a positive double scattering contribution can result 
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(8.11) 
(8.12) 
from a pole with negative signature because of the extra i in 
the definition (8.2b~; or from the inclusion of double isoflip 
terms because of the Clebsch-Gordan coefficients. In any case, 
however, the multiple scattering contribution vanishes with 
increasing energy at least logarithmically because of the 
shrinkage of the diffraction peak. We also note in (8.12) that 
the mass M and the constant C appear only in the combination 
c:c)' 
0 
of M, 
so that this result does not depend directly on the choice 
as mentioned above. Except for the term /3ln(~), which 
s 
0 
represents the slopeof the single-scattering diffraction peak, 
the result is also insensitive to s. 
0 
We look next at the differential cross-section. For the 
large energy, small momentum transfer limit being considered, we 
obtain 
(!;) - 2. 13g2 (~) 2 s 
0 
+ 
• 
Once again Mand C appear only as (MC), and /3 and s appear always S 0 0 
as related to the single-scattering diffraction peak slope. Of 
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I I 
11 I 
(8.13) 
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particular interest in (8.13) is the energy dependence of the 
three terms. We have seen already in the total cross section 
2 
that for q = 0 the single scattering is dominant at s, oo. 
2 
For non-zero values of q, however, the opposite result is 
obtained. The ratio of the double scattering term to the single 
2 
is proportional to (2-)pq /(ln ~) 2, and therefore for sufficiently 
s s 
0 0 
high energies the former dominates. The behaviour implied by (8.13) 
is pictured in Fi gure 8-1; at very small q2 we see mainly the 
single scattering term. For larger q
2 the interference between 
single and double scattering becomes more important and may cause 
dips in the differential cross section. Finally, at sufficiently 
2 
large values of q, the double scattering term becomes dominant. 
A convenient measure of how rapidly the limiting behaviour is 
2 
approached is obtained by finding the value of q for which the 
contributions of single and double scattering are equally important. 
Setting 
. 2 
-2pq (2-) 0 
s 
0 
we find 
= 
= 
1 
4-(pln ~ ) 2 
s 
0 
(MC)2 
s 
0 
2 
s -pqo (-) 
s 
0 
' 
which has only the slight~st decreasing behaviour with increasings. 
The structure of the differential cross section therefore changes 
(8.14) 
(8.15) 
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very slowly with increasing energ,-y, but ultimately arrives at a 
limit in whi cp the contribution of the simple scattering term is 
visible only within an arbitrarily small range of momentum transfer. 
From this limit it is possible to esti mate whether the multiple 
scattering contributions to the total cross section are important, 
since their smallness implies that even at small momentum transfers 
only double scattering is seen. It follows that the extrapolated 
forward scattering is much smaller than the optical theorem value 
if the multiple scattering is negligible in aT. This is not the 
case in the presently available data, so we conclude that the 
multiple scattering effects a.re of some importance. 
In order to estimate more accurately the magnitudes of these 
effects, we have applied this Regge formalism to the parametrization 
of the meson-nucleon scattering amplitudes. An immediate problem 
in such an application is choosing which interaction to Reggeize. 
The most basic level of elementarity indicates that the quark-
quark amplitudes should be chosen, but it is also conceivable that 
quark-nucleon or quark meson amplitudes might be more appropriate. 
Because the consideration of the antisymmetric sum rule in the 
preceding chapter required the decomposi tion of only the meson we 
shall begin by considering the quark-nucleon amplitudes to have 
the forms (8.2). Most of the formalism already developed can then 
be ta.ken over directly. I<'or comparison we shall also consider the 
quark-quark interaction to be Regg~ized as the second stage of this 
calculation. We shall present the results of fitting the meson-nucleon 
160 
total cross section data of Galbraith et al.6 with these paramet-
rizations. The third possibility, . decomposing only t he nucleon 
and Reggeizing the quark-meson interaction, is not compatible wi th 
the treatment of the preceding chapter and will be temporarily 
neglected. It is, however, the simplest procedure t o f ollow if 
spin complications are to be considered, and it will be used in 
the next chapter for this purpose. 
We start therefore with the expressions for the scattering 
amplitudes analogous to (7.28). The six quark-nucleon amplitudes 
fA' fB' fc' fx, fB' and fc are to be set equal to the appropriate 
Regge-pole terms. For the non-strange quarks t his procedure is 
exactly equivalent to the treatment of nucleon-nucleon scattering 
by means of Regge poles, which involves basically four poles with 
different sets of quantum numbers. These four poles we denote as 
usual by P, P, w, and R, and their amplitudes are given respectively 
by 
= - p 
2 
2 
(8.16a) 
Fp(s~q) = + i p 
s a/q) 
(is ) (8.16b) 0 
2 
2 s a)q ) F (s,q ) = - i w <rs) w (8.16c) 0 
2 
2 s aR(q ) FR(s, q ) = + R Cr;-) . (8.16d) 0 
The trajectories ap( g2), a/ l), 
(8.8) to be linear in q2, 
2 2 
aw(q ), ~(q) are taken as in 
for i = P, w, 
are real. In 
2 
a. (q ) 
]. 
2 
= a. + /3. q 
J. J. 
p, and R, and the residue constants P, p, 
terms of these Regge amplitudes we have 
2 2 2 fA(s,q) = Fp(s,q ) - F (s,q) w 
2 Fp(s, c/ ) 2 fx(s, q ) = +F(s,q) w 
2 2 2 fB(s,q) = F (s,q ) ~ FR(s,q ) p 
2 2 2 fB(s,q) = Fp(s,q) + FR(s,q) . 
w, and R 
For the scattering of the strange A quark by the nucleon we assume 
that l!Symptopia has been reached and keep only the contribution of 
the Pomeranch1:lk pole. The scattering of quark and antiquark is 
then identical, and we have 
= = 
It is, of course, possible that the other I= 0 pole, the w, could 
contribute to fC and fC. In the single-scattering amplitudes, 
however, it is impossible to distinguish whether this is happening, 
because, as is shown by the antisymmetric sum rule, the equations 
(8.17a) 
(8.17b) 
(8.17c) 
(8.17d) 
(8.18) 
for the meson-nucleon amplitudes are linearly related. If we did 
include such a contribution by writing· 
fc(s,r,i2) = cp(s, l) - C (s,g_2) w 
fc(s, i) 2 2 = cp(s,q) + cw(s,q) 
with 
2 a (q2) C (s, q ) = - i C (-:L) w w W J.S 
0 
then the single-scattering parts of the meson-nucleon amplitudes 
would contain C (s,q2) only in the term (F (s,q2) + C (s,q2)). 
w w w 
The determination of C would depend then on the double-scattering 
w 
+ 
terms in K""N scattering. The fitting program we have undertaken 
is probably not sufficiently sensitive to resolve C, so we have 
w 
omitted it. 
It is convenient now to separate the amplitudes into single-
scattering and double-scattering parts by writing 
2 2 
+ FMN(s,q) • 
Then the contributions of the single-scattering terms to the six 
meson-nucleon elastic amplitudes are 
1 2 F + (s, q ) 
1T p 
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(8.19) 
(8.20a) 
1 2 ( 2 2 (8.20b) F _ (s,q )=2 Fp s,q) 2 F (s,q ) 
1T p p 
2 2 2 ~ 2 , 2 2 (8.20c) F + (s,q) = Fp(s,q )-Fw(s,q )+]P(s,q )-FR(s,q )+Cp(s,q) 
KP 
F (s,g_2) 2 2 2 2 2 (8.20d) = Fp(s,q )-Fw(s,q )-Fp(s,q )+FR(s,q )+Cp(s,q) 
K+N 
2 2 2) ( 2 2 2 (8.20e) F _ (s,q) = Fp(s,q )+Fw(s,q -FP s,q )-FR(s,q )+Cp(s,q) 
KP 
2 2 2 ( 2 ( 2 2 (8.20f) F (s, q ) = Fp(s,q )+Fw(s,q )+FP s,q )+FR s,q )+Cp(s,q) . 
K-N 
The double-scattering integrals can be performed using the result 
(7.18). We have seen already that the resulting terms depend 
explicitly upon both the slopes of the Regge trajectories and the 
normalization energy s, but only in that the slope of the diffraction 
0 
peak must be correctly given. Rather than attempt to var-y the slopes 
of the four trajectories, and also s, independently in fitting the 
0 
data, we have chosen a common value for all the slopes and a value 
of s which give approximately the correct values for the physically 0 -
observed diffraction peaks. Our choice is simply Pp= Pp= Pw =PK= 
0.5 GeV-2, s
0 
= 0.002 GeV2, which corresponds to _a diffraction peak 
-2 2 slo~e of around 9 GeV for sin the range 15-25 GeV. The results 
were tested and found insensitive to simultaneous variation of the 
p's and s in such a way that this slope remained relatively unchanged. 0 
Writing then p. = p for all the trajectories, we have for q2 = 0 the 1 
~---- - .......... . -
-
~a.. 
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following contributions from double scattering: 
2 F (s,O) = 
1/P [ 
a a a a (-P(~) p+iw(~) w+ip(~) p-R(~) R) x is is is is 
i 
4kJ31n(~) is 
0 
0 0 0 0 
a a a a J x (-P(~) p-iw(~) w+ip(~) p+R(-:-E-) R) is is is is 0 0 0 0 
a a a a 
x (-P(~) p-iw(~) w-ip(~) p-R(~) R) J is is is is 0 0 0 0 
(8.21a) 
(8.21b) 
[ 
a a a a (-P(~) p+iw(~) 'W-ip(~) p +R(~) R) x is is is is 
i 
4k;Bln(~) 
-_...._ 
is 
0 
0 0 0 0 
(8.21d) 
(8.21e) 
a a a ~ 
[ (-P(~) p-iw(~) w+ip(-:-2--) p+R(~) ) x is is is is 
0 0 0 0 
i 
= 
4-kfiln ( -:-2--) is 
0 
a 
(-C (-:-2--) p) J P is 
0 
• 
Taking the parametrizations of the scattering amplitudes given 
in equations (8.20) and (8.21), we have used the MINE.OS function 
2 
(8.21f) 
minimization program to find the least-x fit to the data of Galbraith 
et a1. 6 A comparison of the data and the fit obtained is shown in 
Figure 8-2. 2 The fit is reasonably good, yielding a value of X = 
65.53 for 42 data points and eight parameters. 
In this fit ap, the intercept of the Pomeranchuk trajectory, 
was held fixed at 1, corresponding to constant asymptotic total 
cross sections. The asymptote for pion-nucleon scattering is 
a(~ N) = (19.6 ± 3.8) mb 
00 
and for kaon-nucleon 
(8.22a) 
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a (KN) = (19.3 ± 3.8) mb 
cc;, 
The best fit values for the intercepts of the other three poles 
are 
a = p 0.972 ± 0.001 
a = 
w 
0.336 ± 0.011 
aR = 0.225 ± 0.012 
We notice in particular the high vaJ.ue of a • The reason for p 
obtaining such a large intercept is twofold • . Firstly, part of 
the shrinkage of the I=l contribution to the pion-nucleon cross 
sections is now obtained from the logarithmic decrease of the 
double scattering term, so that the single scattering does not 
need to fall off quite as rapidly as in traditional Regge theory. 
Secondly, the double-scattering contributions of the P to the 
pion-nucleon total cross sections can be positive if a is near 1. p 
These contributions come primarily from the combination of the p 
with the P and w:i.th itself in (8 .21a) and (8.21b). Specifically, 
we have 
cos JL a 2 p 
contributing oppositely to (1r+P) and (1r-P), while 
(8 .22b) 
(8.23a) 
(8.23b) 
(8 .23c) 
(8.24-a) 
~ a 2] Im Li(iP(~) P) = 
l.S 
0 
cos rra p 
has the same sign in both the amplitudes. If a is greater than p 
!, the right-hand side of (8.24-b) is positive so that a part of 
the decreasing behaviour of the total cross sections is accounted 
for. If a is near 1, this tennis quite important, while the p 
splitting between (rr+P) and (rr-P) produced by (8.2~-a) is small. 
The magnitudes of the different pole tenns and their standard 
deviations are determined by the best fit values of the four residue 
parameters, which are 
p = (8.31 :t 0.16) X 10-~-
Gp = (8.11 :t 0.16) X 10-4-
p = - (2.45 :t 0.06) X 10-3 
w = - (9.98 :t 0.92) X 10-2 
R = (0.129 :t 0.018) 
(In (8.25), an~ hereafter in this chapter, the dimensions of the 
residue constants will be mb GeV/c.) We show in Fi gure 8-3 the 
contributions of the different pole terms to single scattering, 
and in Figure 8-4 the double scattering contributions t o the various 
tota1 cross sections. The double scattering effects are fairly 
sizeable in all cases. In particular it should be noticed that the 
(8.24-b) 
(8.25a) 
(8.25b) 
(8.25c) 
(8.25d) 
(8.25e) 
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(K+N) t otal cross sections are expected to increase toward a (KN) 
c:o 
at higher energies as these effects disappear. 
Although the decreasing behaviour of the pionic total cross 
sections is well reproduced by- this fit, we can attempt to improve 
agreement stil l further by adding a second vacuum trajectory. We 
2 
therefore replace Fp(s,q) by 
= 
s apCl) 
- P(-. ) 
1.S 
0 
2 
s ap , (q) 
- P(-. ) 
1.S 
0 
and proceed exactly as before. 
2 A minimum value of X occurs with 
approximately the same parameters as in the fit without the P '. 
(8 .16e) 
The P ' intercept has a best f it value ap , = 0 .58, and the contribution 
2 
of the P ' is only about 0.4 mb. The value of x is decreased to 
61.94, which, in view of the addition of two new parameters, corresponds 
to no better fit than the original one. 
The variance matrix for this fit has a negative diagonal element, 
indicating that the minimum found may not in fact be the true absolute 
minimum, al though the MII\1R0S program was unable t o find any lower 
2 
value of x. The recommended procedure in such a case is to alter 
the x2 distribution in some maimer which may remove the observed 
questionable minimum. We therefore changed the normalization energy 
to s = 0.2, thereby effectively increasing the importance of double 
0 
2 
scattering. A new minimum was then found with x = 49.67 and positive 
diagonal elements for the variance matrix. Unfortunately, in this 
fit the contribution of the P trajectory was "' (- 9 :!: 22) mb, and 
the intercept of the P' went to ap, = 0.95. This result is clearly 
not reasonable physically. It appears therefore that the addition 
of a second vacuwn trajector-y is not helpful in fitting this model 
to the data. 
The third possibility used in the fitting, which was suggested 
by the unsuccessful attempt to include the P' trajectory, is simply 
to let the intercept of the Pomeranchuk trajectory be a free 
parameter. This technique has previously been used in the tradit-
ional Regge framework by Cabibbo, Kokkedee, Horwitz, and Ne'eman7, 
after whom it is called the CKHN model. Wi th ap free we obtain a 
best fit having x2 = 59.64, a slight improvement over the original 
fit. The parameters are not appreciably different from those 
found previously, viz. for the intercepts 
a 
w 
= 0 .987 :!: 0.006 
= 0.287 :t 0.027 
and for the residues 
p = (9.90 :!: 0.81) X 10-4 
w = - 0 .146 :!: 0.032 
R = (6.16 ± 2.10) X 10-2 
p 
• 
= 
a 
p = 
0.969 :!: 0 . 002 
= 0.276 :!: 0.029 
-(2.31 ± 0.14) X 10-3 
We show in Figure 8-5 a comparison of this fit with the data, and 
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(8.26) 
(8.27) 
in Figures 8-6 and 8-7 respectively the contributions of the different 
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poles to single scattering and of the double scattering terms. 
For this fit, of course, the total cross sections go asymptotically 
to zero. 
It is clear that the CKHN model is contained within the 
preceding parametrization using two vacuum trajectories; it 
corresponds to the constraint P = 0 in equation (8.16e) . That the 
minimum for this model is less than the value found there confirms 
the prediction of the negative diagonal variance matrix element. 
2 
There are, in other words, two regions of low X in the parameter 
space, corresponding to the difference in the physical concepts 
of the two models; between these regions there is a "mountain 
2 
range" of high x values. 
We next consider the possibility that the quark-quark 
interaction, rather than the quark-nucleon, should be put equal 
to the Regge pole term. Since the multiple scattering decomposition 
now contains up to sextuple-scattering terms, the results are much 
more complicated; they can, however, be obtained directly from 
what has already been done by simply finding the structure of the 
quark-nucleon amplitudes in terms of the Reggeized quark-quark 
interactions. This calculation is tedious but straightforward, and 
we shall only give the results. The quark-quark amplitudes are 
exactly analogous in terms of the Regge poles exchanged to the 
quark-nucleon amplitudes already written down. The interaction 
between two non-strange quarks is given by the P, w, p, and R poles 
exactly as in (8.17), except that fA and fA (fB and fB) now refer 1111 
to the quark-quark interactions with I= 0 (I= 1) in the crossed 
channel. Similarly the interaction between strange and non-strange 
quarks is again assumed to have reached asyrnptopia and is expressed 
by using only the Pomeranchuk trajectory, as in (8.18). We break 
up the meson-nucleon amplitudes into the contributions of the 
different orders of multiple scattering, writing this time 
6 
. 2 ~ i:ru/s,q) 
i=l 
= 
Again all trajectory slopes are chosen equal, pi= p = 0.5, and we 
2 2 puts = 0.002 GeV. For q = O, the contributions of the Regge 0 
amplitudes to the various terms are then conveniently expressed by 
writing 
0: 0: 
A P(-:-2-) p . ( s ) w = 1W -:--1S 1S 
0 0 
a a 
A - P(~) p+ iw(~) w = 1S 1S 
0 0 
a a 
B = ip(~) p - R(-:-2-) R 1S J.S 0 0 
a 0: 
B ip(-:-L ) p + R(-:-2-) R = J.S 1S 
0 0 
a 
C = - c(~) P J.S 
0 
177 
(8 .28) 
(8.29a) 
(8.29b) 
(8.29c) 
(8.29d) 
(8.29e) 
in terms of which we obtain the following equations. 
Single Scattering: 
F1 (s,O) = 3(A +A)+ B + B 
77+p 
F1 (s,O) = 3(A + A) - B - B 
77-P 
F1 (s,O) = 3(A + C) + B K+P 
F1 (s,O) = 3(A + C) - B 
K+N 
F1 (s,O) = 3(A + C) - B 
K-P 
F1 (s,O) = 3(A + c) + B 
K-N 
Double Scattering: 
2 1 [3[A2+A2]+AB+Aii-3[B2+B2]+(3A+B)(3A+B)J F (s,O) = 77+p 4-k,Sln ( -:-E--) 
J.S 
0 
F2 
_ (s,o) 1 [ [ 2 -2] -- [ 2 -2] ( ) · - -) J = 3 A +A -AB-AB-3 B +B + 3A-B (3A-B 
7T p 4-k,Sln ( ~) 
J.S 
0 
--
(8.30) 
(8.31) 
(cont.) 
2 i F (s,O) = ------
K+P 4-lq,ln(~) 
J. S 
0 
2 i F (s,O) = K+N 4-k,Bln ( -:-2--) 
J.S 
0 
F2 
_ (s,O) i = 
KP J+k/31n(~) 
J.S 
0 
2 F _ (s,O) = 
KN 
Triple Scattering: 
-
3 A +AB-3B +3C +3C(3A+B) [ 2 2 2 J-
3A -AB-3B +3C +3C(3A-B) [ 2 2 2 J 
[3A2-AB-3B2+3c2+3c(3A-B)J 
(8.31) 
(8.32) 
(cont.) 
I I 
. ..-·. ,.~~ . 
F3_ (s,O) 
KP 
+ 3C[3A +AB-3B ] 2 2 J 
+ 3C[3A -AB-3B] 2 2 J 
(8 .32) 
. . 
-· . 
--- -.~·---
Quadruple Scattering: 
- - [ 3 2 2 ~ 3 2 2 -2 -- -2 J-+ (3A+B) A +jA B-2AB - } B ]+[3A +AB-3B ][3A +AB-3B] 
F4_ (s,O) 
1T p 
F4 (s,O) 
K+P 
F4 (s,O) 
K+N 
F4-
_ (s,O) 
KP 
= 
= 
= 
{ ( i 8 )
3 
[c3(3A+B)+3C2[3A2+AB-3B2] 
2k,Bln(-. -) 
J.S 
0 
+ 3C[A3+ j A2B-2AB2- i B3JJ 
{ ( i 8 )
3 
[c3(3A-B)+3C2[3A2-AB-3B2] 
2k;B1n(-. -) 
J.S 
0 
+ 3C[A3- j A2B-2AB2+ i B3Jj 
* ( i _s_ )3 [c3(3A-B)+3c2[3A2-Aii-3B2] 
2k,Bln(. ) . 
J.S 
0 
+ 3c[X3- j X2B-2AB2+ j B3]J 
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(8.33) 
(cont.) 
. . 
-
' 
.:& 
Quintuple Scattering: 
---
(8.33) 
(8.34) 
(cont.) 
'I' 
... • l .... ·,;. • 
Sextuple Scattering: 
6 F _ (s,O) 
KP 
6 F _ (s,O) 
KN 
1 ( i ) 5 [ 3[-3 2 -2- '--2 2 -3]] = G C A - 3 A B-2AB + 3 B 2kfiln(~) 
J.S 
0 
(8.35) 
, I 
With this parametrization we follow again the same procedure, 
using the MINROS function minimiz~tion routine to fit the meson-
nucleon total cross section data. Taking first only the four poles 
P, P, w, and R, with the Pomeranchuk intercept ap fixed at 1, results 
in the fit pictured in Figure 8-8. The parametrization is not 
capable of reproducing the decreasing behaviour of the pion-nucleon 
total cross sections. The best fit passes below the lower energy 
2 (rrP) data and above the higher, and the resulting value of x = 190.02 
reflects the poorness of the fit to these points. Since ap = 1, the 
total cross sections become constant ass_,. oo with asymptotes 
a ( rrN) = (27.2 :!: 0.8 ) mb 
00 
a (Kil) = ( 20 .1 :!: 1. 3 ) mh • 00 
The value of a (rrN) is influenced by the poor fit to the (rrP) data; 00 
therefore it is not surprising that it is considerably above the 
measured cross sections at the fitted energies. More faith can be 
put in a (IOI), since it is much less dependent on the fit to the 00 
(rrP) data. 
The results are generally satisfactory in other respects. 
(8.36a) 
(8.36b) 
The best fit values for the intercepts of the three free trajectories 
are 
a = 0.641+ :!: 0.061 p (8.37a) 
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Double scattering contributions to the meson-
nucleon total cross sections in the fit shown 
in 1''igure 8-8. 
a = 0.532 ± 0.035 
w 
= 0.529 ± 0.138 
while the residue constants are 
p = (3.85 ± 0.01) X 10-4 Cp = (1.82 ± 0.02) X 10-4 
W = -(7.53 ± l.94) X 10-4 p = -(2.37 ± 0.95) X 10-3 
R = (3.90 ± 5.62) x 10-3 
We show in Figure 8-9 the contributions of the four Regge poles 
(8.37b) 
(8.37c) 
(8.38) 
to the single scattering terms, and in Figure 8-10 the contributions 
of double and triple scattering to the different total cross sections. 
The double scattering terms are negative and amount to ten to fifteen 
per cent of the measured uT values, whereas the triple-scattering 
effects are positive but much smaller, typically 0.3 mb. The 
contributions of higher scattering terms are entirely negligible. 
The fit to the (rrP) data can be improved either by adopting the 
CKHN model for the Pomeranchuk amplitude or by adding a second 
vacuum trajectory. Choosing the second alternative, we obtain a 
much improved fit to the data, which is shown in Figure 8-11. That 
the comparison with the (rrP) data points is much better is mirrored 
2 in the fact that the value of X is reduced to 90.11. The asymptotic 
cross sections for this fit are 
Ii, 
a (~N) = (24-.40 ± 0.09) mb 
00 
(8.39a) 
and 
a (KN) = (18.67 ± 0.06) mb 
00 
, (8.39b) 
which are about ten per cent lower than the values given in (8.36) but 
are still higher than the observed (~+p) and (K+N) total cross sections. 
This model therefore predicts, as have the preceding ones, a slight 
rise in some of the observed total cross sections at higher energies. 
The value of the intercept ap, of the second vacuum trajectory 
is fully in accordance with our expectations, namely 
= (0.507 ± 0.009) 
• 
The contribution of this pole is about ten to fifteen per cent of 
that due to the Pomeranchuk. The intercepts we find for the other 
three adjustable trajectories are 
a = 0.700 ± 0.019 p 
~ = 0.423 ± 0.008 , 
which are all quite reasonable; the residue constants are 
(8.40a) 
(8.40b) 
(8.40c) 
(8.40d) 
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z 
1
11 
p 
= (3.46 :!: 0.01) X 10-4 Gp= (1.833 :!: 0.004) X 10-4-
P' = (5.22 ± 0.48) X 10-3 w = -(1.05 :!: ) -2 0.03 X 10 
-(1.80 0.20) X 10-3 -2 p = ± R = (1.04 :!: 0.09) X 10 • 
The contributions of double and tripl e scattering, which are shown 
in Figure 8-13, are about the same as in the preceding case. 
(8.41) 
Finally we turn to the CKHN model for the quark-quark arrrpli tudes. 
Although a satisfactory fit was obtained using the P + P' model, it 
is not unlikely that a different, and perhaps better, result can be 
obtained in this way; we have already seen how this may come about. 
In fact the best fit using the CKHN model, shown in Figure 8-14, is 
considerably better than either of the previous ones, producing a 
2 X value of 65 .21. The intercept of the Pomeranchuk trajectory has 
the value 
= (0.935 :!: 0.001) 
corresponding to vanishing asymptotic total cross sections. The 
intercepts of the other trajectories and the residue constants are 
given by 
a = 0.638 :!: 0.027 p 
a = 0.129 :!: 0.010 
w 
(8.42a) 
(8.42b) 
(8.42c) 
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18 
11 
I I 
aR = 0.803 :!: 0.043 
and 
p 
= 
) -4-(7.04- :!: 0.07 X 10 cP = (3.31 :!: 0.04-) X 10-4-
"' = 
-(0.199 :!: 0.016) p = -(2.69 :!: 0.4-7) X 10-3 
R = (2.liJ+ :!: 1.01) X 10-4 
• 
The surprisingly high value of the R intercept is probably caused 
by the fluctuations in the (K+P) total cross section, which amount 
to considerably more than the experimental errors. We note in 
this connection that the contribution of this pole is quite small; 
furthermore, it is rather poorly determined, as shown by the large 
standard deviation of the residue constant R. We show the variation 
of the different pole terms in Figure 8-15. The magnitudes of the 
double and triple scattering terms, which are shown ih Figure 8-16, 
are about the same as in the preceding fit. 
(8.42d) 
(8.4-3) 
Let us close this chapter by reiterating the phenomenological 
nature of the fits we have obtained and of the considerations leading 
to them. Our intention has been to show the quark model with 
multiple scattering is capable of describing the energy variation 
of meson-nucleon total cross sections, and to obtain thereby an 
estimate of the magnitude of the multiple scattering effects . The 
approximations that were necessary were not severe. Taking all the 
I 
pertinent Regge trajectories to be parallel, for example, eliminates 
t o some extent the possibility of different slopes for the different 
diffraction peaks; but the magnitude of the double scattering terms 
should surely depend much more on the average behaviour of these 
slopes than on the interplay of the different trajectories. Similarly, 
the intercepts of the trajectories are expected to be only reasonably 
sensitive to the precise form of the parametrization. They generally 
turn out to be cons i stent with what has been found before, and more 
accurate treatment of the slopes should not alter this result. Even 
the fact that the CKffN model seems to provide better fits to the data 
than models pr edicting a constant asymptotic total cross section may 
be an effect introduced by the particular forms we have assumed; but 
that either type of model produced reasonable fits with important 
multiple scattering effects is clearly a result of a more basic nature. 
The significance of these considerations, then, lies in the 
general behaviour resulting from the concept of multiple scattering, 
rather than in the numerical details. The comparison with experiment 
of the quark model with multiple scattering indicates that a sizeable 
part of the observed total cross sections is due to double scattering 
effects. This conclusion is reached regardless of whether the total 
cross section is constant or vanishing asymptotically. 
If it is constant, howeve~, the model makes'the prediction that, 
at higher energies, an increase toward an asymptotic value larger 
than those presently measured should become apparent . The rate at 
which this asymptote is approached is determined by the shrinkage 
of the diffraction peak, and thus depends crucially on the 
normal ization constants • Since we have chosen a small value 0 
for s, the decrease of the double scattering terms is very slow, 0 
and the increasing behaviour is not expected to become evident 
until quite high energies have been attained. To illustrate this 
point we show in Figure 8-17 the extension of the fits leading to 
(8.39) up to k = 10000 GeV/c. More rapid shrinkage of the diffraction 
peak would, of course, lead to the appearance of the increasing total 
cross sections at lower energies. 
We expect, in any case, that this property is a general one 
and will still be present in any version of the multiple scattering 
model. We shall see in the next chapter, for example, that a more 
comprehensive treatment of the complete pion-nucleon amplitude, with 
spin included, does not alter it. If this increasing behaviour of 
the total cross sections should be observed, it would constitute 
excellent evidence in favour of multiple scattering in the quark 
model. 
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CHAPTER IX 
Appl ication to Pion-Nucleon Interactions with Spin Effects 
It is well known by now that although Regge theory is generally 
successful in describing a great many t wo-body processes, it is 
unable to explain simply the non-vanishing polarization observed 
in the reaction ~-p~ ~0 N. The nature of this charge exchange 
process is such that a single set of quantum numbers, corresponding 
to the p pole, can be exchanged, but the polarization due to the 
exchange of a single Regge pole vanishes. In the usual Regge 
framework there have been attempts to explain the observed polari-
zation of about 15% as resulting from the interference of the p 
with direct channel resonances~ with a second pole p 1 having the 
same quantum numbers as the p 2, or with a Regge cut term3• 
We have noted in the preceding chapter that if the single 
scattering amplitude is written in Regge form, then the multiple 
scattering terms possess the s dependence characteristic of a 
Regge cut. Our model therefore provides a natural mechanism for 
the explanation of the charge exchange polarization. It is clear, 
of course, that we cruu~ot meaningfully analyse this effect without 
considering simultaneously the entire body of pion-nucleon elastic 
and charge exchange phenomena in a formalism complete with all spin 
203 
and isospin complications. To that task we shall devote this 
chapter. 
Before becoming deeply involved with the detailed calculations 
of the multiple scattering effects which result when spin and 
isospin are included, however, we wish to show in a simpler model 
the essential features which arise. We therefore return to the 
basic deuteron model considered in Chapters VII and VIII. The 
simplest technique for the inclusion of spin in this model is to 
keep the composite particle and its components spinless and assign 
spin one-half to the incident particle. The derivation of the 
Glauber model given in Chapter VII is valid even in the presence 
of spi n provided any possible ordering ambiguities are resolved, 
which is accomplished by taking the anticomrnutator. The expected 
generalization of (7.16) is then 
FD(q) = FN(g)[SD(j)+SD(- j)] + 4-;k J d2g1 S(g')fFN(!- q'),FN(~ + g')j+ 
(9.1) 
Both FD(q) and FN(q) are now taken to be matrices in the spin space 
of the system. A convenient form giving FN(g) in terms of scalar 
a.mpli tudes is 
FN(q) = f(g) + 2g(g_) k x q. a 
vn1ere a is the spin operator for the incident particle. In terms of 
this definition we find that 
(9.2) 
11,1 
[ F (3 + q') F (3 - q')] = 2 [f(~ + q')f(3 - q')+g(3 + q')g(~ - q') N2 'N2 2 . 2 2 2 
+ 
+ k X q.a~(j + q1 )g(~ - q1 ) + f(3 _ q')g(3 + q')l 2 2 j 
We evaluate (9.1) now under the asswnptions first made in 
2 Chapter VII, namely that the amplitudes are exponentials in q 
and that the form factor S(g_) is approximately unity throughout 
the region in vn1ich there are important contributions to the 
amplitudes. Specifically, we write 
• 
(9.3) 
(9.4-a) 
(9.4.b) 
We have taken the same slope y for both spin flip and non-flip terms 
for the sake of simplicity. The results are not crucially dependent 
upon this equality; for example, the last term in equation (9.3) 
vanishes upon integration even if different slopes are used. The 
integrations in the double scattering term can be performed, yielding 
llilli 
I 
I 
1! 
We relate this result to the Regge model used in the preceding 
chapter in the obvious way. As before we write for the non-flip 
amplitude 
i.e. 
2 
f e-yq 
N = c(-:-L) J.S 
0 
fN = - c(-:-L) 1S 
0 
y = (3 ln(~) 
J.S 
0 
2 l-[39. 
For the spin-flip amplitude we define a simplified version of the 
usual Regge formula 
by writing 
2 
= i D(~)1-f3q 
1S 
0 
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(9.5) 
(9.6) 
(9.7a) 
(9.7b) 
(9.8) 
(9.9) 
Then in the high energy limit, using the approximations s ~ 2Mk 
and ln(~) ~ is 
0 
corresponding 
ln(-s-), 
s 
0 
to FD(q) 
we obtain for the Reggeized amplitude 
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2 
2C(~ )1-,8q Ms - 2 + o I c2-n2(~ 
- 1- i g_2 
1 '\ I (2-) 
2,Bln(L ))J iso is 0 ,e1nc2-) L 4 
s 
0 
s 
0 
Ms CD 
0 
,81n(L) 
s 
0 
- f}_ l j-(~) 2 
is 
0 
It should be noted here that the spin-flip term in the single-
scattering amplitude can contribute via double scattering to the 
forward non-flip amplitude, and therefore to the total cross 
section. The simple physical meaning of this fact is that two 
consecutive spin-flip processes with opposite momentum transfers 
will produce forward non-flip scattering. Should this effect 
be large, it would preclude the possibil ity of neglecting spin 
in considering forward scattering, as we did in Chapters VII and 
VIII . VTe shall find, reassuringly, that the contributions to the 
total cross sections of such terms are very small. 
The polar~zation resulting from (9.10) can be calculated 
using scalar amplitudes, which are conveniently defined by writing 
= ( 2) - - - 2) F s,q + k x q.a ~(s,q 
The polarization parameter P is then determined by 
(9.10) 
(9.11) 
with the kinematical factor A(s,q2) given by 
2 . 22 2 2.1. A(s,q) a kk 'sin8 = [(k+k') -q )(q -(k-k') )] 2 , 
k' and e being the final momentum of the incident particle and the 
scattering angle. We note that t he asymptotic behaviour of A(s,q2) 
f 2 . . b or non-zero q is given y 
2 A(s, q ) ...,. 2kq as 
and that 
A(s,O) = 0 
From (9 .10) we have 
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(9.12) 
(9.13) 
(9.JA) 
(9.15) 
2 F(s, q ) 
2 Ms 2 1 - ~ q2 
= - 2C(~)1-fiq + o r C2-D2(.9... - 1 .\l (~) 2 
2 G(s, q ) 
iso (31n(~) L. 4 2(31n(~))J iso 
s s 
0 0 
:Ms CD - ~ l~ 
o (~) 2 J • 
(3ln(~) iso 
s 
0 
The single-scattering terms in F(s,q2) and G(s,q2) are 90° out of 
phase, so that they produce, as expected, no polarization. The 
same is true of the two double-scattering terms. Contributions 
(9.16a) 
(9.16b) 
to the polarization thus come only from interference between the 
single-scattering amplitude in F(s,cl) and the double-scattering 
in G(s,q2), and vice versa. Asymptotically then (9.12) yields 
3 2 
DMs ~ 2 ).8 pd.a~ 8q o 2C2-D2 SL. - 1 
dO filn( .L) L ( 4- 2filn( .L) 2- - fiq ( s ) 2 . 1rB 2 -;- S1~q • 0 
s s 
0 0 
The differential cross section~ is given in this case by 
d.a 
= dO I 
2 2 F(s,q )I + 2 2 ,2 IA(s,q )G(s,q) 
2 
and at high energy the dominant contribution for q > 0 comes, as 
before, from the multiple scattering terms. Asymptotically, then, 
we have 
da 
dO 
~ ( _ Ms o s )2 [c C2 -D2(g2 - 1 s )l + 4-g2c2n2J 
\t,1n(~) 4- 2filn(~) 
s , s 
0 0 
(L) 
s 
0 
2 2-fiq 
2 
It follows from (9.17) and (9.19) that for q > 0 the asymptotic 
behaviour with s of the polarization parameter is given by 
• 
The polarization thus goes to zero, but only extremely slowly. As 
. 2 
an example, we take typical values of the parameters to bet fiq = 
0.2, s = .002; when s increases from 2 to 2000, the polarization 
0 
(9.17) I I 
(9.18) 
1111 
(9.19) 
(9.20) 
decreases only by a factor}. 
We see therefore that a non-vanishing polarization will 
result from multiple scattering effects even if the single 
scattering process involved permits the exchange of only one Regg~ 
pole, and that this polarization will decrease asymptotically 
toward zero at high energy so slowly as to appear almost constant. 
These observations are fully consistent with the experimental 
- 0 facts regarding the reaction rr P ~ rr N. We therefore turn now to 
a detailed calculation of pion-nucleon interactions in terms of 
the Reggeized quark model with multiple scattering. 
The general pion-nucleon scattering amplitude with full spin 
and isospin complexity included can be written conveniently in the 
form 
= 
where Trr' TN' and aN denote respectively the isospin operators of 
the pion and of the nucleon and the spin operator of the nucleon. 
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(9.21) 
In the scalar functions F .. (s,q2) it is clear that i and j correspond lJ 
to the ~pin and isospin exchanged. The actual amplitudes for the 
pertinent physical scattering processes are obtained in the obvious 
way, by tald.ng the (matrix) form (9.21) between the appropriate 
spin-isospin states; for spin exchange i, 
11111 
II 
I I 
,I 
~ 
+ 2 F:-( s, g_ ) 
J. 
+ 
2 
:!: Fil ( s' g_ ) 
describes elastic rr-P interactions, while 
2 
= .../2 Fil ( s, g_ ) 
describes the charge exchange reaction. 
We shall review briefly here the connection between these 
amplitudes and the quantities measured experimentally. The total 
+ 
cross section for (rr-P) scattering is given through the optical 
theorem, 
The phases of the forward non-flip elastic amplitudes also are 
lmown and are usually specified by giving the ratio of the real to 
the imaginary part, which we shall denote by 
+ Re F0 (s,O) 
= + Im F0 (s,O) 
• 
At non-zero momentum transfer the differential cross sections and 
the polarizations are measured for all three processes. The former 
are given in the laboratory frame by 
dcr 2 2 12 2 2 2 
ell\, (s,g_) = IFo(s,g_) + IA(s, g_ )F1 (s,g_ )j ' 
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(9.22a) 
(9.22b) 
(9. 23) 
(9.25) 
I I 
where F.(s,q2) refers to any of the three amplitudes defined in 
i 
(9.22), and A(s,q2) is the kinematical factor defined in (9.13). This quantity is converted to an invariant distribution 
with 
da ( 2) dt s,q 
2 C(s,q) = ~ ((k +µ )(k' +µ )] 2 
- µ (1 - _£_) 
w [ 2 2 2 2 ~ 2 2 J" kk ' 3 
2M2 
in terms of the previously defined quantities, µ(M) being the pion (nucleon) mass. The polarization, finally, is calculated as in (9.12), 
2 P(s,q) = 
· * 2 2 2 2 Re(F0 (s,q) F1 (s,q )] A(s,q) 
® • d°:L 
The first step in applying the multiple scattering formalism in the pion-nucleon system is to decompose the nucleon into its quark structure, which we assume to be given by the SU(6) spin-isospin wave functions 
P_+ = ..1._ [±2(P+P+n- + P+n-P+ + n-P+P+) ./fE - - + 
- + - + - -
211 
(9.26a) 
(9.26b) 
(9.27) 
N:!:. = 
In (9.28) P+ (P_) denotes a proton with spin up (down), and N±' p±' 
and n+ analogously represent the spin states of the neutron and 
the non~strange quarks. The total pion-nucleon scattering amplitude 
FwN(s,q2) then consists of three terms, 
3 . 2 
= E FiN(s,q) 
. 1 1T i= ' 
corresponding to single, double, and triple scattering of the pion 
by the three quarks of the nucleon. If we denote the pion-quark 
scattering amplitude by F7TQ(s,q2), which is a matrix in the spin 
and isospin spaces of the pion-quark system, then in the strong 
binding approximation the 
. 2 
F~/s,q) are given by 
F;is, q2) E 2 = i F wQ. (s, q ) i 
F (-s, (-
2
q + q1 /) 
wQ. 
J 
(9.29) 
(9.30a) 
(9.30b) 
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• 
The summations over Q., etc., in (9.30) refer to the three quarks, J. 
and have been so taken that symmetry under the interchange of 
quark labels is guaranteed. 
The pion-quark amplitude can be expressed by scalar functions 
precisely as was the pion-nucleon amplitude itself, 
The contributions to the F .. (s,l) of single, double, and triple J.J 
scattering, denoted hereafter by F~.(s,q2), n = 1, 2, 3, are then J.J 
calculated in terms of the f .. (s,q2 ) by inserting (9.31) into the J.J 
expressions (9. 30). To evaluate the matrix elements of the spin 
and isospin operators, using the SU(6) wave functions (9.28), is 
then a matter of a large amount of tedious but straightforward 
arithmetic. In f act we shall negl~ct entirely the triple scattering 
effects, which we expect to be small, and thus we sununarize below 
the contributions of only those matrix elements necessary for 
considering single and double scattering . Using the (1/P) states 
we find that spin non~f lip terms arise only from the matrix elements 
(9.30c) 
(9.31) 
(rr+P±I~ lQ. lrr+P±) = 3 
]. ]. 
- -(rr+P+I Z (k x (-2q - q').aQ ) (k x (..2-2 + q').an_ )lrr+P±) = 
- i,;tj i 'IIJ 
- -
2 2 
- 2 (~ - q ' ) 4-
1 
- 2 
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(9.32a) 
(9 .32b) 
(9.32c) 
(9.32a) 
(rr+P±l.3_(k x <! - q').aQ_)(k x <i + q').aQ_ )(Trr.TQ. + Trr.TQ_ )lrr+P±) = 
irJ i J i J 
(9.32e) 
- - )11/P+) = 
j 
(rr+P+I Z (k x (.sl2 - q').aQ )(k x (-2q + q' ).an )(T .TQ )(T .T 
- i,;t j i ~ j 7T i 7T 
(9.32r) 
while spin flip terms result from 
(rr+P±I~ (k X q. aQ_) lrr+P~) = - kq 
]. ]. 
(9 .33a) 
(9 .33b) 
(9.33c) 
11i1 
11[ 
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'Ii I 11
1111111 
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(9.33d) 
(For simplicity in (9.33) we have defined q to be in they direction.) 
It is easily verified that isosymmetry is maintained for the 
double-scattering terms. Consequently it suffices to calculate the 
(rr+P) amplitudes; those for (rr-P) are obtained by changing the 
sign of T, and the amplitudes for the charge exchange are related rr 
to the elastic amplitudes by the familiar equation 
= 
where M denotes any of the above matrix elements. This result is 
tantamount to fiO (fi1 ) being even (odd) under charge conjugation. 
To carry out the integrations necessary in the double 
scattering terms now requires a parametrization of the pion- quark 
amplitude. As we have pointed out in Chapter VIII, the most 
basic prewise would be the use of a simple representation for the 
quark-quark interactions; the pion-quark a.mpli tu.de would then be 
obtained by applying the multiple scattering formalism again~ this 
time decomposing the pion into quark and antiquark. Effectively, 
however, this procedure leads only to an extremely complicated 
parametrization of the pion-quark interactions. The quark-quark 
scattering process has five helicity amplitudes, each of which 
involves at least four Regge poles. As a result both the complexity 
of the algebra and the number of parameters are vastly larger than 
Ill I 
would result from simply Reggeizing the pion-quark amplitude. 
Since our parametrization must be amenable to computerized fitting 
programs, we choose this less complicated technique. 
For the pion-quark amplitude, analogously to the usual pion-
nucleon Regge theory, only trajectories with positive G-parity, 
namely the vacuum and the P trajectories, are allowed. We do not 
expect that the Pomeranchuk trajectory alone will be able to 
reproduce satisfactorily the decreasing total cross sections, so 
we shall invoke the traditional mechanism of a second vacuum 
trajectory P'. A substantial reduction of the computer time 
required can be achieved by taking the two vacuum trajectories to 
be parallel. We therefore parametrize the I= 0 amplitudes as 
2 foo (s,q) 
2 flO (s,q) 
= 
= 
- R 0 
2 1-/3 q (-:-2-) p 
J.S 
0 
with residues R0 and R1 containing the energy dependence of both 
the P and P' poles, i.e. 
= 
a -1 
I (~) P' Po+ Po is 
0 
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(9.34-a) 
(9.34-b) 
(9.35a) 
(9.35b) 
The I = 1 amplitudes are those corresponding to the p pole only, 
s. ap-f3pq 
2 
2 
flO(s,q) ·- i Po (~) 
0 
a -1-/3 q 2 2 
fll (s,q ) = i pl (~) p p • J.S 
0 
These equations define the real constants P., P!, p., ap 1 ,a, /3-p, ]. ]. ]. p 
/3 and s on which our calculation will depend. p' 0 
The double scattering integrations can be carried out using 
the parametrizations above, and employing these results along with 
the matrix elements summarized in (9.32) and (9.33) we find 
eventually that the various F~.(s,l) are given by the following 
J.J 
equations. 
1 2 
Fll (s,q ) 
2 1-/3 q 
= - 3 R (~) p 0 J.S 
0 
2 
-/3 q 
= - R_ (~) p 
--i ]. s 
0 
2 
a -1-/3 q 
= 2 i pl ( ~) p p , 3 J.S 
0 
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(9.36a) 
( 9.36b) 111 
I 
111111111 
(9.37a) 
1111111 
(9.37b) 
11111
1 
I 
(9.37c) 
(9.37d) 
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PP 2 /3p 2 pp 2) !!_e 2 
2 2 J.. [F0 ( .s, g ) - - g F0 ( s, g - g J ( ) .(~) 2 + (~) 2 (a.3sa) Foo s,g = 2k s) s s ~ 2/3pln (-. - 1 so 2/3 ln (-:--) 1 o iso P iso 
2 PP( 2) (R ~)2 + (kR_)2 j _ 1 _ 5Ll Fo s,g = 3 0 J.S ---i L2R ln(-s-) 4 J 0 
~p is · 
.,.,,2 ( 2) 
.l! 01 s,g 
Fplp(s) = ( s) Ro 1\ is 
0 
2a: -1 
Fp p ( ) (-. s ) p 1 s = - Po pl is 
0 
0 
- /3-/3 p . l 
(~) /3p+/3P 
J.S 
0 
(9.38b) 
(9.38c) 
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2 ( 2) _ L Fll s, g - 2k 
1,2 . R 2 • R_J 
= l) i Pl O - 3 i Po --i 
2 g 
a (-:-2---) p 
is 
0 
The amplitudes for the relevant physical processes are obtained 
by inserting these forms into (9.22). Our Reggeized quark model 
can then be tested by performing a least chi-square fit to the 
experimental data using the amplitudes calculated in (9.37) and 
(9.38) above. For this purpose we choose from the extensive 
literature a selection of 230 data points describing all the 
physical quantities listed above at various energies and momentum 
transfers. The total cross sections and phase measurements are 
taken from the high precision data recently obtained by Foley et 
al.4' 5, which cover a range in laboratory momentum from about 
7 GeV/c to about 22 GeV/c for (rr+P), and to about 28 GeV/c for 
( rr -p), with errors of the order of only O. 3% in a and of 15% in 7/ .• 
The differential cross sections are taken from the measurements 
6 by Foley et al. for the elastic scattering and from those by 
Stirling et al.7 for the charge exchange process; the polarization 
data are due to Borghini et a1. 8 for elastic scattering and to 
Bonemy et al. 9 for charge exchange. The range of laborator-y 
momentwn in these measurements is from around 6 GeV/c to 18 GeV/c 
(j.38d) 
111. 
111 
·:11111 I 
111, I 
for~, and to 12 GeV/c for the polarization. The range in 
momentum transfer has been arbitrarily limited; in order to 
reduce the importance of the strong binding assumption, we used 
only points for which the invariant four-momentum transfer was 
2 such that - t ~ 0.36 GeV. As in preceding chapters, we carried 
out the fitting procedure using the MINROS minimization program 
and the CERN CDC 6600 computer. All eleven of the parameters 
defined in equations (9.34) - (9.36) were taken to be free. The 
best fit obtained to the data produces a chi-square value of 
583.8 for 219 degrees of freedom, with the parameters given by: 
a = 0.5254 :!: 0.0001 p 
/3p (= /3p,) = (0.4817 :!: 0.0005) GeV-2 
/3 p = (0.7889 :!: 0.0008) GeV-2 
Po = (4.666 :!: ) -3 0 . 026 x 10 mb GeV 
pl = - (0.1041 :!: 0 . 0018) mb/GeV 
P' 0 = (0.6339 :!: 0.0013) mb GeV 
P' 1 = - (21.97 :!: 0.16) mb/GeV 
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Po = (2.887 ± ) -2 0.010 x 10 mb GeV 
pl = (12.39 ± 0.04-) mb/GeV 
so = (0.01285 ± 0.00007) GeV2 
Except for the rather low value of the P 1 intercept, the parameters 
of the Regge trajectories are in accord with the results of 
earlier Regge models. It is also interesting to note that the 
best fit value of the normalization constants is roughly the 
0 
pion mass squared. 
2 The ratio of X to the number of degr ees of freedom is 2.67, 
which is somewhat high to be considered a good fit . Qualitatively, 
however, the results are in reasonably good agreement with the 
experimental situation. A detailed comparison of the model with 
the fitted data is given in Figures 9-1 through 9-7. 
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Contributions of single scattering, double 
scattering, and the interference between them, 
to the differential cross sections at superhigh 
energies. 
It must be pointed out that for the charge exchange polarization, 
which provided the original motivation for use of the model, the 
best fit values are generally somewhat smaller than the measured 
ones. The agreement vlith the data is quite good for the elastic 
polarizations, however, and, in fact, for almost all of the other 
experimental quantities. Only in the case of D-(s), where the 
measured values are generally larger than the model predicts, is 
there any other consistent disparity between fit and data. The 
total and differential cross sections are very well fitted, 
including particularly the structure in the charge exchange process 
at near-forward angles. To reproduce this dip by means of 
exponential amplitudes requires that spin-flip terms, negligible 
in the elastic reaction, must be quite important here Figure 9-8). 
In general the effects of double scattering are fairly 
significant in these results. Their contribution to the total 
cross sections are shown in Figure 9-9, along with that resulting 
particularly from the double spin f lip terms. The smallness of 
the latter is reassuring evidence that the neglect of spin effects 
in earlier chapters was not unreasonable. As we have noted in 
Chapter VIII, the disappearance of the double scattering effects 
at higher energies vlill cause the total cross sections to increase 
slightly toward an asymptotically constant value; from the 
parameters of this model we deduce that this limit is 
CJ (rrN) 
ClO 
= (25.65 ± 0.28) mb 
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The leading multiple scattering contributions decrease only 
logarithmically, however, so that the increasing behaviour 
becomes apparent only at superhigh energies. In order to see 
how rapidly a (rrN) is approached we give in Figure 9-10 an 
00 
extension of the model up to k = 10000 GeV/c. It is again 
evident that the advent of asymptopia is still rather distant. 
The importance of double scattering can also be seen in the 
differential cross sections. Interference between double and 
single scattering leads to a subtractive term with magnitude about 
one-third of that resulting purely from the single scattering term. 
The evolution with energy of the contributions of single and 
double scattering, and of their interference., to the (rr+P) curves 
can be seen in Figure 9-11. The situation for the other reactions 
is very similar. In all three cases the range oft we are 
studying is still dominated by the single scattering term. 
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It appears, then, that the quark model with multiple scattering 
is capable of reproducing, qualitatively and, to a reasonable extent, 
quantitatively, the pion-nucleon scattering amplitude. In view of 
the approximations made, the results must be considered encouraging; 
in particular we vrould hope that a proper treatment of the form 
factor and the use of a completely free P' trajectory would lead to 
a more comprehensive fit of the data, including even the dips 
observed at larger angles. A further extension of the model would 
be the calculation and comparison with experiment of the amplitudes 
for the production of nucleon resonances. Since the form factor 
in this case involves the overlap of ·the octet and decuplet 
spatial wave functions, the strong binding assumption we have 
used may not be valid. We expect that future research efforts 
may clarify both of these possibilities. 
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CHAPTER X 
Conclusion 
The phenomenological approach basic to this thesis has 
perhaps been more apparent in the second part of it. Our 
consideration of multiple scattering effects in the quark model 
has been directed towards parametrization of the experimental 
facts; our principal conclusion is that this model seems to 
describe quite satisfactorily a large number of high energy 
scattering phenomena. 
Clearly, there a.re many further applications of this idea 
yet to be investigated. On the theoretical side, the entire 
question of Regge cuts and multiple scattering is an interesting 
unsolved Rroblem. For high energy phenomenology the model offers 
numerous possibilities, particularly with reference to the 
inelastic reactions. As more accurate data become available it 
will be possible to study the multiple scattering terms as 
corrections to the predictions of additivity, as well as in the 
cases where the single scattering yields a null result. In the 
three examples of the latter which we have considered, namely the 
antisymmetric sum rule, the doubie exchange reactions, and the 
charge exchange polarization, the model seems quite successful. 
Many other calculations are possible within this framework; for 
example, we note in passing that it provides a natural mechanism 
for the Deck effect. 
The principal quantitative conclusion we have reached is 
that the multiple scattering effects are not negligible. The 
simple Regge framework employed indicates that they vanish 
logarithmically, leading to an extremely slow increase of total 
cross sections toward an asymptote somewhat higher than current 
values. The implications of this result on dispersion theory 
should be investigated, since it indicates that integrals over 
the total cross sections should be slightly larger than present 
estimates. The details of the model we have fitted to the meson-
nucleon scattering are open to considerable refinement, as we 
have pointed out. We hope that in the near future it will be 
possible to improve both the accuracy of the phenomenological 
treatment and the precision of the experimental data. The obvious 
extension of these techniques to the scattering of nucleons and 
antinucleons should also be mentioned here, although the choice 
of energy for comparison of mesonic and baryonic amplitudes will 
remain a problem. 
We feel, therefore, that the concept of multiple scattering 
in the quark model which we have presented has great potential as 
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a tool for describing and understanding the high energy interactions 
of fundamental particles. 
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